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DISCRETE G-SPECTRA AND EMBEDDINGS OF MODULE SPECTRA 


TAKESHI TORII 


Abstract. In this paper we study the category of discrete G-spectra for a profinite group G. 
We consider an embedding of module objects in spectra into a category of module objects in 
discrete G-spectra, and study the relationship between the embedding and the homotopy fixed 
points functor. We also consider an embedding of module objects in terms of quasi-categories, 
and show that the two formulations of embeddings are equivalent in some circumstances. 


1. Introduction 

By the works of Morava m, Miller-Ravenel-Wilson [2^, Devinatz-Hopkins-Smith [12], Hopkins- 
Smith [19j . Hovey-Strickland |23] . and many others, the stable homotopy category is intimately 
related to the theory of formal groups, and the stable homotopy category localized at a prime p 
has a filtration of full subcategories corresponding to the height of formal groups. The nth full 
subcategory for non-negative integer n is realized as the E(n)-local category, that is, the Bousfield 
localization with respect to the nth Johnson-Wilson theory E{n) at p. The nth subquotient 
of the filtration is equivalent to the /A(n)-local category, that is, the Bousfield localization of 
the stable homotopy category with respect to the nth Morava A-theory K{n) at p, and we can 
consider that the fundamental building blocks of the stable homotopy category are the K (n)-local 
categories for various n and p. Therefore, studying the K (n)-local category has central importance 
in stable homotopy theory. A basic tool to study the A(n)-local category is the A(n)-local An- 
based Adams spectral sequence, where A„ is the nth Morava A-theory at p. The A 2 -page of this 
spectral sequence for a A(n)-local E(n — l)-acyclic spectrum X is described as the continuous 
cohomology of the extended Morava stabilizer group with coefficients in the discrete twisted 
An*-G„-module (An)*(A). This suggests that the derived category of discrete (or continuous) 
twisted A„*-Gn-modules may be intimately related to the A(n)-local category. 

An algebraic model of the A(n)-local category was constructed by Franke [T4| for sufficiently 
large primes p compared to n, after the pioneering work by Bousfield |6]. Although Franke’s 
theory gives an equivalence of categories between the derived category of periodic chain complexes 
in A(n)*(A(n))-comodules and the A(n)-local category, it does not give an equivalence of model 
categories. Therefore, it does not give a model of the homotopy theory of A(n)-local spectra, and 
we would like to have a model of the homotopy theory of A(n)-local spectra, and of A(n)-local 
spectra. In this paper we propose a model of the homotopy theory of A(n)-local spectra in the 
model category of A(n)-local A„-modules in the discrete symmetric G„-spectra, where A„ is a 
discrete model of A^ constructed by Davis in |9| and upgraded to a commutative monoid object in 
the category of discrete symmetric G„-spectra by Behrens-Davis in [I]. For this purpose, we shall 
formulate embeddings of module spectra in general setting. 
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Let G be a profinite group. The theory of G-Galois extensions of structured ring spectra was 
introduced by Rogues in [34], and he gave an interpretation of the results in m in terms of G- 
Galois extensions. The category of discrete G-spectra was introduced by Davis in |5], and G-Galois 
extensions were also studied by Behrens-Davis in |4] in terms of discrete G-spectra. The algebraic 
Galois theory is related to the descent theory, which has been important in algebraic geometry, 
number theory, category theory and homotopy theory. The framework of homotopical descent 
theory was developed by Hess m and Lurie |28j . The formulation of embeddings we discuss in 
this paper is some kind of homotopical descent related to G-Galois extensions of spectra. 

Let ESp(G) be the model category of discrete symmetric G-spectra and let SSp(G)fe be its left 
Bousfield localization with respect to a spectrum k. Suppose we have a map A ^ B oi monoids 
in discrete symmetric G-spectra, where G acts on A trivially. There is a functor 

Ex : ModA(ESpj,) —)• ModB(SSp(G)fe) 

from the category Mod^(i;Spfc) of H-modules in ESp^, to the category ModB(ESp(G)fc) of B- 
modules in ESp(G)fe by the extension of scalars. This functor has a right adjoint, which we can 
regard as a fixed points functor (—)^. Furthermore, the pair of functors is a ESp-Quillen adjunc¬ 
tion. We denote by LEx the total left derived functor of Ex and by the total right derived 

functor of the fixed points functor (—The functor can be regarded as the homotopy 

fixed points functor. Let T be the full subcategory of the homotopy category Ho(ModA(ESp;.)) 
consisting of X such that the unit map X —> (LEx(X))^® is an equivalence. We show that the 
restriction of LEx to T is fully faithful as an Ho(ESp)-enriched functor fProposition 14.51) . Using 
the K{n)-\ocal G„-Galois extension formulated in (U §8] and the result in [10], we 

obtain the following theorem. 

Theorem 1.1 (Theorem 14.12p . The total left derived functor 

LEx : Ho(ESp^(„)) —^ Ho(ModF„(ESp(G„)if(„))) 
is fully faithful as an Ho(ESp)-ennc/iec? functor. 

Next we consider embeddings of modules in quasi-categories. Model categories are models of 
homotopy theories and contain rich homotopy theoretic structures. But they are sometimes rigid 
and hard to work with since they contain auxiliary structures such as cofibrations and fibrations. 
Simplicial categories and topological categories are also models of homotopy theories. But they 
are also sometimes rigid and hard to work with since they have a strict associative composition law 
of mapping spaces. Quasi-categories are yet other models of homotopy theories. Quasi-categories 
were introduced by Boardman-Vogt [5] and developed by Joyal [551 US] and Lurie [571 ng. The 
definition of quasi-categories is a little strange at first glance but actually quasi-categories are 
flexible, easy to work with, and well-developed. Therefore, to formulate embeddings of modules in 
terms of quasi-categories is important and will be useful for later applications. 

Let Spfc be the underlying quasi-category of the simplicial model category ESp^. Suppose 
we have a map A ^ E oi algebra objects in Sp^;.. We have a functor from the quasi-category 
Modyi(Sp^.) of H-modules to the quasi-category Mod_E(Sp;.) of E-modules by the extension of 
scalars. This defines a comonad 0 on the E-modules, and we can consider the quasi-category of 
comodules Gomod(£; e)(Spj,) over the comonad 0. The extension of scalars functor factors through 
Gomod(£;^e)(Spj,), and we obtain a functor 

Coex : ModA(Spfc) —>■ Gomod(£;^e)(Sp;.). 

This functor has a right adjoint E, which is a homotopical analogue of the functor taking primitive 
elements. Let T be the full subcategory of ModA(Spj,) consisting of X such that the unit map 
X — >• EGoex(X) is an equivalence. We show that the restriction of the functor Goex to T is fully 
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faithful (Proposition [521) • This result is related to the (effective) homotopic descent considered 
by Hess in m Def. 5.1], but the author is not sure if this result can be formulated in terms of 
simplicial categories. There is a map of quasi-categories from the simplicial nerve of the simplicial 
category of coalgebras in ModE(ESp^.) associated to the adjunction ModA(HSp^.) Mod_E(ESp;.) 
to the quasi-category of comodules Comod(£;_e)(Sp^.), but it seems that this map may not be an 
equivalence in general since a comodule in Comod(£;_e)(Sp^.) which satisfies the comodule structure 
up to higher coherent homotopies may not be rectihed as a coalgebra in ModA(SSp^) which satisfies 
the comodule structure on the nose. 

Finally, we compare the two formulations of embeddings in terms of model categories and of 
quasi-categories. For this purpose we describe the underlying quasi-categories of modules and 
algebras in discrete symmetric G-spectra for a profinite group G in terms of the quasi-categories 
of modules and algebras in non-equivariant symmetric spectra. 

Let H —>■ H be a map of monoids in discrete symmetric G-spectra, where G acts on A trivially. 
Let U : I]Sp(G)fe —;■ SSp^. be the forgetful functor, which has the right adjoint V = Map,,(G, —) 
(see ED for the functor Map„.(G, —)). We have a map 

d'c/B : B{UB,A,UB) —^ C/Map^(G, t/H), 

where B{UB,A, UB) is the two-sided bar construction of the H-module UB (see H6.4l for the con¬ 
struction of the map ^ub)- Let Mod_B(Sp(G)fe) be the underlying quasi-category of the simplicial 
model category ModB(ESp(G)fe). We show that ModB(Sp(G)fc) can be written as a quasi-category 
of comodules. 

Theorem 1.2 fCorollary 16.1611 . Let G be a profinite group that has finite virtual cohomological 
dimension. We assume that the localization functor Lk is given as a composite LmLt of two 
localization functors Lm and Lt, where Lt is a smashing localization and Lm is a localization 
with respect to a finite spectrum M. If 'i’jjB is a k-local equivalence, then there is an equivalence 
of quasi-categories 

ModB(Sp(G)fc) ~ Comod((7B,e)(Spfc). 

As a corollary, we obtain that the functor Ex is equivalent to the functor Coex under the 
equivalence between ModB(Sp(G)fe) and Comod(c/B_e)(Spfc) ('Corollarv l6.17|l . where we regard Ex 
as a functor of the underlying quasi-categories. This shows that the two formulations of embeddings 
are equivalent. In particular, we show that the two formulations are equivalent if A —>■ H is a fc-local 
G-Galois extension iTheorem 17.31) under the assumptions of Theorem 11.21 

The organization of this paper is as follows: In El^e discuss the model structure on the category 
of discrete symmetric G-spectra. We show that the category of discrete symmetric G-spectra is 
a proper, combinatorial, symmetric monoidal ESp-model category satisfying the monoid axiom. 
We also discuss the Bousfield localization with respect to a spectrum with trivial G-action. In 
|]4| we discuss embeddings of modules into the category of discrete symmetric G-spectra. We 
also discuss the relationship between the embeddings and the homotopy fixed points functors. 
In El we consider embeddings of quasi-categories of modules in spectra. For an adjunction of 
quasi-categories, we can consider the quasi-category of comodules over the comonad associated 
to the adjunction. We show that some full subcategory can be embed into the quasi-category of 
comodules. In El we study the quasi-category of discrete G-spectra. We show that the quasi¬ 
category of discrete G-spectra can be described as a quasi-category of comodules. Finally we show 
that the two formulations of embeddings of module categories are equivalent in some circumstances. 
In El we discuss embeddings associated to profinite G-Galois extensions. We show that the two 
formulations are equivalent for profinite G-Galois extensions under some conditions. 
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2. Notation 

For a model category M, we denote by Ho(M) the homotopy category of M. For objects 
X,V G M, we denote by [X, FJm the set of morphisms in Ho(M). For a simplicial model category 
N, we denote by MapN(X, Y) the mapping space (simplicial set) for X, F S N (see, for example, 
[I6l [m [20] for these concepts). We denote by N° the full simplicial subcategory of N consisting 
of objects that are both fibrant and cofibrant as in m- The underlying quasi-category of N is 
defined to be iV(N°), where N{—) is the simplicial nerve functor (see [271 1.1.5] for the simplicial 
nerve functor). 

We denote by SSp the category of symmetric spectra constructed by Hovey-Shipley-Smith in 
[24] . We give ESp the stable model structure (see |24l §3] for the definition of the stable model 
structure on ESp). We denote by Sp the underlying quasi-category of ESp. For a spectrum k, we 
denote by ESpji. the left Bousfield localization of ESp with respect to k (see, for example, [HI Ch. 3] 
for the definition of left Bousfield localization of a model category), and by Sp^ the underlying 
quasi-category of ESp^,. We denote by S the quasi-category of spaces, which is the underlying 
quasi-category of the category of simplicial sets with the Kan model structure (see [27l 1.2.16]). 
For a quasi-category C, we have a mapping space (simplicial set) Mapc(X, Y) for X,Y G C, which 
is well-defined up to weak homotopy equivalence (see [23 1.2.2]). 

3. Model structure on the category of discrete symmetric G-spectra 

Let G be a profinite group. In this section we discuss model structure on the category of discrete 
symmetric G-spectra. We also study the Bousfield localization with respect to a spectrum with 
trivial G-action. 

3.1. Discrete symmetric G-spectra. Let G be a profinite group. In this subsection we recall 
the model structure on the category of discrete symmetric G-spectra and study its properties. 
We show that the category of discrete symmetric G-spectra is a proper combinatorial symmetric 
monoidal ESp-model category satisfying the monoid axiom. We also compare the model category 
of discrete symmetric G-spectra with that of non-equivariant symmetric spectra. 

First, we recall the definition of a discrete symmetric G-spectrum (see jU §2.3]). We denote by 
Set(G) the category of discrete G-sets. A simplicial discrete G-set is a simplicial object in Set(G). 
The model structure on the category of simplicial discrete G-sets was studied in m- We denote 
by sSet(G), the category of pointed simplicial discrete G-sets. Let sSet(G)^ be the category of 
symmetric sequences in sSet(G)*. We can give a closed symmetric monoidal structure on sSet(G)f. 
Let S be the symmetric sequence given by S' = (S°,S^,S^,...), where S" is the n-sphere with 
trivial G-action. The symmetric sequence S is a commutative monoid object in sSet(G)J. A 
discrete symmetric G-spectrum is a module object in sSet(G)J over the commutative monoid S. 
A map of discrete symmetric G-spectra is a map of module objects. We denote by ESp(G) the 
category of discrete symmetric G-spectra. 

The category ESp(G) is a complete, cocomplete, closed symmetric monoidal category with S as 
the unit object. We denote the monoidal structure by X A F = X (^s X. We have an adjoint pair 

triv : ESp ^ ESp(G) : {-f, 

where {—)^ is the G-fixed points functor and the functor triv(—) associates to a symmetric spec¬ 
trum X the discrete symmetric G-spectrum X with trivial G-action. Notice that the functor triv 
is a strong symmetric monoidal functor and the functor (—)^ is a lax symmetric monoidal functor. 

Now we recall the model structure on ESp(G) defined in [U §2.3]. Let U : ESp(G) —ESp be 
the forgetful functor. A map / : X —>■ F in ESp(G) is said to be 

• a cofibration if U (/) is a cofibration of symmetric spectra. 
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• a weak equivalence if U{f) is a stable equivalence of symmetric spectra, and 

• a fibration if it has the right lifting property with respect to all maps which are both 
cofibrations and weak equivalences. 

With these definitions, i;Sp(G) is a left proper cellular model category by [H Thin. 2.3.2]. Recall 
that a model category is called left proper if every pushout of a weak equivalence along a cofibration 
is a weak equivalence (see [181 Ch. 13]). A cellular model category is a cofibrantly generated model 
category for which there are a set / of generating cofibrations and a set J of generating trivial 
cohbrations such that 

• both the domains and the codomains of the elements of / are compact, 

• the domains of the elements of J are small relative to /, and 

• the cohbrations are effective monomorphisms 

(see [18] for these concepts, in particular, [lH Ch. 12] for cellular model categories). 

We shall show that ESp(G) is a proper combinatorial model category. Recall that a model 
category is called right proper if every pullback of a weak equivalence along a hbration is a weak 
equivalence, and proper if it is both left proper and right proper (see [HI Ch. 13]). A model 
category is said to be combinatorial if it is cohbrantly generated as a model category and is 
locally presentable as a category (see, for example, [131 §2] or [27l A.2.6] for combinatorial model 
categories). Since ESp(G) is a cohbrantly generated model category, it suffices to show that ESp(G) 
is locally presentable in order to show that ESp(G) is combinatorial. Recall that a category is 
locally A-presentable for a regular cardinal A if it is cocomplete and has a set G of A-compact 
objects such that every object is a A-hltered colimit of objects in G. A category is called locally 
presentable if it is locally A-presentable for some regular cardinal A (see [H Ch. 1] for locally 
presentable categories). 

Theorem 3.1. The category ESp(G) is locally presentable. Hence ESp(G) is a combinatorial 
model category. 

Proof. The category Set(G) of discrete G-sets is locally Ho-presentable, where Hq is the hrst inhnite 
cardinal. A discrete G-set is Hg-compact if and only if the underlying set is hnite. The full 
subcategory of hnite discrete G-sets is essentially small. We denote by A the opposite category of 
a skeleton of the full subcategory of hnite discrete G-sets. For a small category C and a category 
T>, we denote by Fun(C,T>) the functor category and by Fun^®’'(C,T>) the full subcategory of 
hnite-limit preserving functors. By [H Thm. 1.46 and its proof], we see that the Yoneda map 
Set(G) —> Fun(yl, Set) given by A Homset(G)(~; A) for X G Set(G) induces an equivalence of 
categories between Set(G) and Fun^®’'(A, Set). 

For a (discrete) symmetric (G-)spectrum Y, we denote by the set of Z-simplexes of the fcth 
simplicial set Yfc of Y. We can dehne a functor F : ESp(G) Fun'^®’'(A, ESp) by 

F{X){A)k,i = Homset(G)(^i Afc_/) 

for A G A and X G ESp(G) with obvious structure maps. We can verify that the functor F is an 
equivalence of categories by using the equivalence Set(G) A Fun^®’^(A, Set). 

Recall that the category ESp of symmetric spectra is locally presentable. This follows, for 
example, from [24l 1.2.10, 3.2.13, and 5.1.6]. See also [38l p.474]. The theorem follows from the 
fact that for any small category C and any locally presentable category the category Fun^®’‘(C, V) 
is locally presentable by [U 1.53 and 1.50(1)]. □ 

Proposition 3.2. The model category ESp(G) is proper. 
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Proof. It suffices to show that SSp(G) is right proper. Since SSp is right proper by [24l Thm. 5.5.2], 
this follows from the fact that the forgetful functor U preserves fiber products and detects weak 
equivalences. □ 

Next we consider the compatibility of the monoidal structure and the model structure on 
SSp(G). By the definition of the model structure on i;Sp(G) and the fact that the composi¬ 
tion U o triv is the identity functor, the functor triv preserves cofibrations and weak equivalences, 
and hence the adjoint pair of functors 

triv : ESp ^ ESp(G) : {-f 

is a Quillen adjunction. 

We shall recall the definition of a symmetric monoidal Quillen adjunction (see [20l §4.2]) and 
show that the pair (triv, (—is a symmetric monoidal Quillen adjunction. Let M and N be 
a symmetric monoidal model categories. A Quillen adjunction F : M ^ N : G is said to be a 
symmetric monoidal Quillen adjunction if the left Quillen functor F is strong symmetric monoidal 
and the map F{q) : F{Qf) F(I) is a weak equivalence, where I is a unit object in M and 
g : QI — >■ I is a cohbrant replacement of I. We say that the left adjoint of a symmetric monoidal 
Quillen adjunction is a symmetric monoidal left Quillen functor. Since the functor triv is strong 
symmetric monoidal and the sphere spectrum is cohbrant in ESp, we see that the pair (triv, {—)^) 
is a symmetric monoidal Quillen adjunction. 

Let C be a symmetric monoidal model category. We also recall the dehnitions of a symmetric 
monoidal C-model category and a symmetric monoidal C-Quillen adjunction (see [20l §4.2]). A 
model category M is said to be a symmetric monoidal C-model category if it is a symmetric 
monoidal model category equipped with a strong symmetric monoidal left Quillen functor i : C —^ 
M. Let Ml and M2 be symmetric monoidal C-model categories equipped with symmetric monoidal 
left Quillen functors : C —>■ Mi and 12 : C —>■ M 2 , respectively. A symmetric monoidal C-Quillen 
adjunction between Mi and M 2 is a symmetric monoidal Quillen adjunction F : Mi M 2 : G 
together with a symmetric monoidal natural isomorphism between F oii and We say that the 
left adjoint of a symmetric monoidal C-Quillen adjunction is a symmetric monoidal left C-Quillen 
functor. 

Theorem 3.3. The category ESp(G) is a symmetric monoidal ESp-mode/ category. The adjoint 
pair (triv, (—j*^) is a symmetric monoidal TSp-Quillen adjunction. 

Proof. The model category ESp(G) is a symmetric monoidal model category by [211 Thm. 8.11]. 
The theorem follows from the fact that triv : ESp —>■ ESp(G) is a symmetric monoidal left Quillen 
functor. □ 

Now we shall verify that the symmetric monoidal model category ESp(G) satishes the monoid 
axiom. We recall the monoid axiom on a monoidal model category (see, for example, [351 Def. 3.3]). 
Let M be a monoidal model category with tensor product A. For a class I of maps in M, we denote 
by X A M the class of maps of the form 

AAZ—>BAZ 

for A ^ B a. map in X and Z an object of M. For a class J of maps in M, we denote by ^X-cobeg 
the class of maps obtained from the maps of jj by cobase change and transHnite composition (see, 
for example, [18l 10.2] or |20l 2.1.1] for the definition of a transfinite composition). We say that a 
monoidal model category M satishes the monoid axiom if every map in 

({trivial cohbrations} A M)-cofreg 

is a weak equivalence, where {trivial cohbrations} is the class of trivial cohbrations. 
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Proposition 3.4. The symmetric monoidal model category I]Sp(G') satisfies the monoid axiom. 
Proof. We have to show that every map in 

({trivial cofibrations} A ESp(G))-cofreg 

is a weak equivalence. By the definition of the model structure on I]Sp(G), it suffices to show 
that the underlying map is a stable equivalence of symmetric spectra. Since the underlying map 
of a trivial cofibration is a trivial cofibration of symmetric spectra, the proposition follows from 
the fact that the category of symmetric spectra with stable model structure satisfies the monoid 
axiom by [24l Thm. 5.4.1]. □ 

Now we shall compare the category of discrete symmetric G-spectra with that of non-equivariant 
symmetric spectra. For this purpose, we introduce a (non-discrete) symmetric G-spectra. We de¬ 
note by the group G with discrete topology. Let SSp(G'^) be the category of symmetric 
spectra with (continuous) G'^-action. The continuous homomorphism G^ —>■ G induces a func¬ 
tor (—)^ : ESp(G) SSp(G^). For X G ESp(G^), we denote by dX the largest discrete G- 
subspectrum of X, that is, 

dX = colim^fX^, 

where H ranges over all open subgroups H of G. We can regard d as a functor d : ESp(G^) —>■ 
SSp(G). Notice that we have an adjoint pair 

(-)'5 : ESp(G) ^ ESp(G‘*) : d. 

Let U : ESp(G) -G ESp be the forgetful functor. The functor U is strong symmetric monoidal 
and has a right adjoint 

P:ESp^ESp(G). 

We shall explicitly describe the right adjoint V. For a symmetric spectrum Y (with G-action), 
we denote by Yk^i the set of Lsimplexes of the fcth simplicial set Yfc of Y. For a set A, we denote 
by Map(G, A) the G-set of all maps from G to A with G-action given by (g ■ 0)(g') = 0{g'g) for 
g,g' G G and 9 G Map(G, A). For a symmetric spectrum X, we can define an object Map(G, W) 
of ESp(G‘^) by Map(G, X)fc^; = Map(G, X^^;) with obvious structure maps. We define the discrete 
symmetric G-spectrum Map^(G,X) by 

Map^(G,X) = d(Map(G,X)). 

The right adjoint V of the forgetful functor U : ESp(G) —>■ ESp is given by 

V(X)=Map,(G,X). 

We can easily verify the following proposition. 

Proposition 3.5. The adjoint pair of functors 

U : ESp(G) ^ ESp : V. 

is a symmetric monoidal YSp-Quillen adjunction. 

Proof. By the definition of the model structure on ESp(G), the forgetful functor U preserves cofi¬ 
brations and weak equivalences, and hence the adjoint pair (t/, V) of functors is Quillen adjunction. 
Since t/ is a strong symmetric monoidal and the sphere spectrum is cofibrant in ESp(G), we see 
that the pair ([/, V) is a symmetric monoidal Quillen adjunction. Since the composition U o triv 
is the identity functor on ESp, we see that the forgetful functor [/ is a symmetric monoidal left 
ESp-Quillen functor. This completes the proof. □ 
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3.2. Bousfield localization of I]Sp(G). Let fc be a symmetric spectrum. In this subsection 
we study the left Bousfield localization i;Sp(G)fc of SSp(G) with respect to k. We show that 
SSp(G)fc is a left proper combinatorial symmetric monoidal ESp-model category satisfying the 
monoid axiom. We also compare the model category ESp(G)fe with the left Bousfield localization 
ESpj, of non-equivariant symmetric spectra with respect to k. 

First, we recall that there exists the left Bousfield localization on ESp(G) with respect to k. 
This follows, for example, from the fact that ESp(G) is a left proper cellular model category. We 
say that a morphism / in ESp(G) is a fc-local equivalence if U{f) is a fc-local equivalence in ESp. 
Let Wk be the class of fc-local equivalences in ESp(G). As in [H p.5015], there exists the left 
Bousfield localization ESp(G)fc with respect to Wk, and ESp(G)fc is left proper and cellular. 

Proposition 3.6. The left Bousfield localization ESp(G)fc is a left proper combinatorial simplicial 
model category. 

Proof. By Theorems 13.11 and 13.31 and [H Thm. 2.3.2], we see that ESp(G) is a left proper combi¬ 
natorial simplicial model category. As in [H p.5015], the class of fc-local equivalences are that of 
/-local equivalences for some map /. Hence the left Bousfield localization ESp(G)fc is a left proper 
combinatorial simplicial model category by [m Prop. A.3.7.3]. □ 

In the following of this paper we assume that fc is cofibrant for simplicity. 

Theorem 3.7. The model category ESp(G)fc is a symmetric monoidal TiSp-model category. 

Proof. First, we show that ESp(G)fc is a symmetric monoidal model category. Let A —>■ H be a 
cofibration and let A —>■ T be a trivial cofibration in ESp(G)fc. Since fc is cofibrant, we see that 
AAfc—J-TAfcisa trivial cofibration in ESp(G). By Theorem 13.31 ESp(G) is a monoidal model 
category, and hence the map 

[AAY Ak) [B AX Ak) ^ B AY Ak 

(AAXAk) 

is a trivial cofibration. We have an isomorphism 

|(AAr) (HAA) I Afc^ (AAF Afc) (HAAAfc), 

\ [AaX) ) (AAXAk) 

and hence the map 

{A AY) {BAX)^BAY 
(Aax) 

is a trivial cofibration in ESp(G)fe. Therefore, we see that ESp(G)fc is a symmetric monoidal model 
category. 

Next, we show that ESp(G)fc is a symmetric monoidal ESp-model category. Recall that the 
functor triv : ESp —> ESp(G) is a symmetric monoidal left Quillen functor. Furthermore, the 
identity functor id : ESp(G) —> ESp(G)fc is a symmetric monoidal left Quillen functor. Hence the 
composition id o triv : ESp -A ESp(G)fe is also a symmetric monoidal left Quillen functor. This 
shows that ESp(G)fc is a symmetric monoidal ESp-model category. □ 

Proposition 3.8. The symmetric monoidal model category ESp(G)fe satisfies the monoid axiom. 

Proof. Recall that Wk is the class of fc-local equivalences. We let G be the class of cofibrations in 
ESp(G)fc. Since the functor (—) A fc preserves all colimits, we see that 


(((G n Wk) A ESp(G))-cofreg) A fc C ((G n W) A ESp(G))-COfreg, 
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where W is the class of weak equivalences in ESp(G'). By Proposition 13.41 i;Sp(G') satisfies the 
monoid axiom. Hence ((C fi W) A SSp(G))-cofreg C W. This shows that 

((C n Wk) A SSp(G))-cofreg C Wk. 

This completes the proof. □ 

Now we compare the model category SSp(G)fe with the left Bousfield localization SSp^, of 
non-equivariant symmetric spectra with respect to k. 

Proposition 3.9. The adjoint pair of functors 

triv : ESp,. ^ ESp(G)fc : {-f 

is a symmetric monoidal 'ESp-Quillen adjunction. 

Proof. It suffices to show that triv preserves fc-local equivalences. Let / be a fc-local equivalence 
in ESp. Since 17(triv(/)) = /, we see triv(/) e Wk. Hence triv preserves fc-local equivalences. □ 

Proposition 3.10. The adjoint pair of functors 

U : ESp(G)fc ^ ESpfe : H. 

is a symmetric monoidal 'ESp-Quillen adjunction. 

Proof. By definition, U preserves weak equivalences and cofibrations, and hence the pair ([/, V) 
is a Quillen adjunction. Recall that we have the symmetric monoidal left Quillen functor triv : 
ESp —>■ ESp(G)fe. Since the composition U o triv is the identity functor on ESp, the functor U is 
a symmetric monoidal left ESp-Quillen functor. □ 

3.3. Filtered colimits in ESp(G)fc. In this subsection we shall show that any filtered colimit 
preserves weak equivalences in ESp(G)fc. This follows from Prop. 4.1] (see also [131 Prop. 7.3] 
and [H Lem. 1.6]). 

Proposition 3.11. Let A be a filtered category, and let F : X ^ Y be a natural transformation 
of functors from A to ESp(G)fc. If F{X) : X (A) —>■ Y (A) is a k-local equivalence for all X G A, then 
the induced map on colimits 

colimit X — > colimit Y 
AgA AgA 

is also a k-local equivalence. 

Proof. We shall apply [32l Prop. 4.1] for ESp(G)fc. By Proposition l3.61 ESp(G)fc is a combinatorial 
model category. Hence we have to show that there exists a generating set of cofibrations between 
compact objects for ESp(G)fc. Let / be the set of maps of the form (dA™ xG/A7)+ —>■ (A’"xG/A)+ 
in sSet(G)*, where m > 0 and N is an open subgroup of G. Let Ev„ : ESp(G) —> sSet(G)* 
be the evaluation functor which assigns to a discrete symmetric G-spectrum X the nth pointed 
simplicial discrete G-set A„, and let Fn : sSet(G)* —>■ ESp(G) be its left adjoint. We can take = 
U„>o Pn{I) as a set of generating cofibrations of ESp(G)fe. We can verify that F„((5A™ x G/A)+) 
and F„((A™ x G/A)+) are compact objects in ESp(G)fc for all n > 0,m > 0 and N since 5A™ 
and A™ are compact objects in the category of simplicial sets. This completes the proof. □ 

Corollary 3.12. For any functor X from a filtered category A to ESp(G)fe, the canonical map 

hocolim X — > colim X 
AgA AgA 


in Ho(ESp(G)fe) is an isomorphism. 
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Proof. Let X' ^ X he a. cofibrant replacement in the functor category Fun(A, ESp(G')fc) with the 
projective model structure. This model structure exists by [27l Prop. A.2.8.2] since i;Sp(G)fc is a 
combinatorial model category by ProDOsition l3.6l The homotopy colimit hocolim Ai is represented 
by colimAi'. The map colimAT' colimAT induced on the colimits is a fc-local equivalence by 
Proposition 13. Ill □ 


4. Embeddings of modules into SSp(G)fe 

In this section we discuss embeddings of certain full subcategories of module objects in SSp^, 
into categories of module objects in ESp(G)fc. Let A be a monoid object in ESp^.. We regard A 
as a monoid object in ESp(G)fe with trivial G-action. For a map <p : A ^ B of monoid objects 
in ESp(G)fc, we show that a certain full subcategory of Ho(ModA(ESpfc)) can be embedded into 
Ho(ModB(ESp(G)fe)) as an Ho(ESp)-enriched category. We also discuss the relationship between 
the embeddings and the homotopy fixed points functors. 

4.1. Model structure on module categories. In this subsection we define the model structure 
on the category of module objects in a combinatorial symmetric monoidal ESp-model category 
satisfying the monoid axiom. We also study the adjunction of module categories induced by a map 
of monoid objects. 

Let C be a closed symmetric monoidal category. First, we recall the definitions of a closed 
C-module, a closed symmetric C-algebra, and an adjunction between them. A category N is said 
to be a closed C-module if it is enriched, tensored, and cotensored over C. For closed C-modules 
Ni and N 2 , an adjoint pair of functors F : Ni N 2 : G is said to be an adjunction of closed 
C-modules if the left adjoint F respects the tensor structures on Ni and N 2 over C. A category A 
is said to be a closed symmetric C-algebra if A is a closed symmetric monoidal category equipped 
with a strong symmetric monoidal left adjoint functor i : C —?> A. Let Ai and A 2 be closed 
symmetric C-algebras equipped with strong symmetric monoidal left adjoints ii : C Ai and 
i 2 : C —>■ A 2 , respectively. An adjunction of closed symmetric C-algebras between Ai and A 2 is 
an adjoint pair of functors F : Ai ^ A 2 : G, where F is a strong symmetric monoidal functor, 
together with a symmetric monoidal natural isomorphism between F oii and 12 (see |201 §4.1] for 
these concepts). 

In this subsection we let M be a combinatorial symmetric monoidal ESp-model category with 
tensor product ® satisfying the monoid axiom. For a monoid object R in M, we denote by 
Modfl(M) the category of left F-module objects in M and maps between them. The category 
Modfl(M) is a closed ESp-module for a monoid object R in M. If F is a commutative monoid 
object, then Mod/{(M) is a closed symmetric monoidal category with tensor product and unit 
object F, and furthermore, we can regard Modi?(M) as a closed symmetric ESp-algebra by the 
functor F® (—) : ESp —>• Modfl;(M) that is a strong symmetric monoidal left adjoint functor. 

Let F be a monoid object in M. A map / : M —>■ A in Modi{(M) is said to be 

• a weak equivalence if it is a weak equivalence in M, 

• a fibration if it is a fibration in M, and 

• a cofibration if it has the left lifting property with respect to all maps which are both 
fibrations and weak equivalences. 

With these definitions, Modij(M) is a model category by Thm. 4.1]. Note that the unit object 
F is cofibrant in Mod/{(M). 

Let C be a symmetric monoidal model category. Now we recall the definition of a C-model 
category and a C-Quillen adjunction between C-model categories (see [501 §4.2]). A model category 
N is said to be a C-model category if it is a closed C-module and the action map (g) : N x C —>■ N 
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is a Quillen bifunctor, that is, for any cofibration / : 17 —^ 1^ in N and any cofibration g -.W ^ X 
in C, the induced map 

{y®w) (u (g, X) ^ F 0 X 

u^w 

is a cofibration in N that is trivial if either f ot g is (see [501 Def. 4.2.1] for the definition of a 
Quillen bifunctor). A C-Quillen adjunction between C-model categories is a Quillen adjunction 
which is also an adjunction of closed C-modules. 

We can verify that Mod/j(M) is a ESp-model category for any monoid object R in M. If R 
is a commutative monoid object in M, then Modfl(M) is a symmetric monoidal model category 
satisfying the monoid axiom by |351 Thm. 4.1], and furthermore, since the strong symmetric 
monoidal functor R 0 (—) : ESp —> Modfl;(M) is a left Quillen functor, Modii;(M) is a symmetric 
monoidal ESp-model category (see the paragraph just before Theorem 13.31 for the definition of a 
symmetric monoidal C-model category for a symmetric monoidal model category C). 

Now we consider an adjunction between categories of module objects induced by a map of 
monoid objects in M. Let (f : A B he a map of monoid objects in M. We have an adjoint pair 
of functors 

B (—) : Mod^(M) ModB(M) : ip*, 

where ip* is the restriction of scalars functor. We can verify that p* preserves fibrations and weak 
equivalences. Hence the pair {B®a (—), P*) is a Quillen adjunction. We have natural isomorphisms 
= {B®aM)®K in ModB(M) for M G Modn(M) and K G ESp which reduce to the 
canonical isomorphism when AT is the sphere spectrum, and are compatible with the associativity 
isomorphisms in Modn(M) and ModB(M) with respect to the tensor structures over ESp. Hence 
we obtain the following lemma. 

Lemma 4.1. The adjoint pair [B 0^ (—is a 'SSp-Quillen adjunction. 

Now suppose that A and B are commutative monoid objects in M and p : A ^ B is a map 
of commutative monoid objects. The left Quillen functor B 0^ (—) : Modn(M) —Mod_B(M) 
is a strong symmetric monoidal functor between the symmetric monoidal categories. Since A 
is cofibrant in ModA(M), we see that B ®a (—) is a symmetric monoidal left Quillen functor. 
Furthermore, B 0a (—) is a symmetric monoidal left ESp-Quillen functor since there are natural 
isomorphisms B 0a {A 0 K) = B 0 K ioT K G ESp. Hence we obtain the following lemma. 

Lemma 4.2. If A and B are commutative monoid objects in M and p : A ^ B is a map of 
commutative monoid objects, then the pair [B 0yi (—),(/?*) is a symmetric monoidal 'SSp-Quillen 
adjunction. 

4.2. Embeddings of module categories. In this subsection we formulate embeddings of module 
categories in combinatorial symmetric monoidal ESp-model categories satisfying the monoid axiom. 
We show that a certain full subcategory of a category of module objects can be embedded into 
another category of module objects as an enriched category over the stable homotopy category of 
spectra. 

First, we formulate the setting. Let M and N be combinatorial symmetric monoidal ESp- 
model categories satisfying the monoid axiom. We suppose that we have a symmetric monoidal 
ESp-Quillen adjunction i : M ^ N : j. We take monoid objects A in M and B in N. We suppose 
that there is a morphism of monoid objects 

p : i{A) — B. 

By Lemma [4.11 the morphism p induces a ESp-Quillen adjunction [B 0i[A) Since i is 

strong symmetric monoidal, it induces a functor i : ModA(M) —>■ Modi(n) (N). We see that j 
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induces a right adjoint j : Modi(^)(N) ^ ModA(M) to i. Composing these two adjunctions, we 
obtain an adjoint pair of functors 

Ex : Mod^(M) «=^ ModB(N) : Re. 

Lemma 4.3. The pair (Ex, Re) is a YSp-Quillen adjunction. 

Proof. By definition of the model structures, tp* and j are right Quillen functors. Hence the 
composition Re = joip* is also a right Quillen functor. Since the pair {i,j) is a symmetric monoidal 
SSp-Quillen adjunction, we have natural isomorphisms i{M ^ K) = i{M) ® K ior M G M and 
K G SSp. These isomorphisms induce natural isomorphisms Ex(M (g) K) = Ex(M) (g) K for 
M G Modyi(M) and K G SSp which reduce to the canonical isomorphism when K is the sphere 
spectrum, and are compatible with the associativity isomorphisms in ModA(M) and ModB(N) 
with respect to the tensor structures over SSp. This completes the proof. □ 

The homotopy categories Ho(ModA(M)) and Ho(ModB(N)) are closed Ho(SSp)-modules by 
[20l Thm. 4.3.4]. Furthermore, Ho(Modyi(M)) and Ho(ModB(N)) are triangulated categories 
since Mod. 4 (M) and ModB(N) are stable model categories by [551 Lem. 3.5.2]. By Lemma IT51 we 
obtain an adjunction of closed Ho(SSp)-modules 

LEx : Ho(Modyi(M)) Ho(ModB(N)) : MRe, 

where LEx is the total left derived functor of Ex and RRe is the total right derived functor of Re. 
Note that LEx and RRe are exact functors between the triangulated categories. 

Now we consider the case where H G M and i? G N are commutative monoid objects and 
tp : i{A) —i? is a map of commutative monoid objects. In this case Modyi(M) and ModB(N) 
are symmetric monoidal SSp-model categories. Since the left adjoint Ex of the Quillen adjunction 
Ex : ModA(M) ModB(N) ; Re is strong symmetric monoidal, the pair (Ex, Re) is a symmetric 
monoidal Quillen adjunction. Furthermore, since there are natural isomorphisms = 

B ® K for K G ESp, we obtain the following lemma. 

Lemma 4.4. // H G M and i? G N are commutative monoid objects and p : i{A) B is a 
map of commutative monoid objects, then the pair (Ex, Re) is a symmetric monoidal ESp-Quillen 
adjunction. 

If A and B are commutative monoid objects, then the homotopy categories Ho(ModA(]VI)) and 
Ho(ModB(N)) are closed symmetric monoidal Ho(ESp)-algebras (see [20l §4.2]). Furthermore, if 
p : i{A) —>■ i? is a map of commutative monoid objects, then the induced pair (LEx, RRe) of 
functors is an adjunction of symmetric monoidal Ho(ESp)-algebras (see the second paragraph of 
H4.1l for the definition of these concepts). 

Now suppose A and B are monoid objects and p : i{A) —> i? is a map of monoid objects. 
We shall define a full subcategory T of Ho(Modn(M)) and show that T can be embedded into 
Ho(ModB(N)) as an Ho(ESp)-enriched category through the functor LEx. Let T be the full 
subcategory of Ho(Modn(M)) consisting of X such that the unit map X —J- RReLEx(Jf) is an 
isomorphism 

T = {X G Ho(Modn(M))| X ^ RReLEx(X)}. 

It is easy to see that T is a thick subcategory of Ho(ModA(M)). 

Proposition 4.5. The restriction o/LEx to T is fully faithful as an }lo(T,Sp)-enriched functor. 
Proof. This follows from the natural isomorphism 

RMap]y[o(jg(N) (LEx(X), LEx(F)) = RMapModA(M)(^)®I^®I^Elx(y)) 
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in Ho(SSp), where RMap]y[o(j^(]y[)(—, —) and (—, —) are derived mapping spaces of 

ModA(M) and Mod_B(N), respectively. □ 

4.3. Homotopy fixed points functor. In this subsection we shall discuss the relationship be¬ 
tween the homotopy fixed points functors and the embeddings considered in M.‘2\ We show that 
the full subcategory T contains all dualizable objects in some appropriate settings. 

First, we recall the definition of homotopy fixed points functors (see [H §§3 and 5]). By Propo¬ 
sition [331 "we have a symmetric monoidal SSp-Quillen adjunction 

triv : SSpj, SSp(G)fc : (— 

Let A be a monoid object in SSpj, and we regard A as a monoid object in ESp(G)fc with trivial 
G-action. Let (p : A ^ B he a map of monoid objects in ESp(G)fe. By Lemma [4.31 we have a 
SSp-Quillen adjunction 

Ex : Modyi(ESp;.) ^ ModB(ESp(G)fc) : Re. 

This induces an adjunction 

LEx : Ho(ModA(ESpfc)) Ho(Mod_B(ESp(G)fc)) : RRe 

of closed Ho(ESp)-modules. We define a homotopy fixed points functor {—)^^ to be the total right 
derived functor of Re: 

= RRe : Ho(ModB(SSp(G)fe)) ^ Ho(Mod^(ESpfc)). 

Although the definition of the homotopy fixed points spectrum depends on the map p, we 
shall show that the homotopy type of the underlying spectrum of is independent of (p and 
also agrees with the underlying notion of homotopy hxed points on ESp(G)fc. There is a diagram 

ModB(ESp(G)fc) -^ ModA(ESpfe) 

Fa 

ESp(G)fc ESpfc, 

where Fa ■ ModA(ESpj.) —ESp^, and Fb : Mod_B(ESp(G)fc) —ESp(G)fc are forgetful functors. 
This diagram is commutative on the nose since the functor Re : ModB(ESp(G)fe) —Mod^(ESpfc) 
is the composition (—o p*, where p* : ModB(ESp(G)fe) —>■ Mod^(ESp(G)fc) is the restric¬ 
tion of scalars functor and {—)^ : Modyi(ESp(G)fc) —>■ Mod^(ESpfc) is the fixed points func¬ 
tor on ModA(ESp(G)fc) induced by the fixed points functor on ESp(G)fe. Since Fa and Fb 
preserve weak equivalences, they induce functors HFa '■ Ho(Modyi(ESpj,)) —)■ Ho(ESpj.) and 
HFb : Ho(ModB(ESp(G)fc)) —>■ Ho(ESp(G)fe) between the homotopy categories, respectively. Eur- 
thermore, since Fa and Fb preserve fibrations, we obtain a natural isomorphism 

hFAiX'^^) ^ {hFBXf^ 

in Ho(ESpj.) for any X g Ho(ModB(ESp(G)fc)). This means the homotopy type of the underlying 
spectrum of X^^ is independent of p and also agrees with the underlying notion of homotopy fixed 
points on ESp(G)fc. 

Since A is cofibrant in ModA(ESp;j), we have an isomorphism LEx(A) = B. Hence the unit of 
the adjunction (LEx,RRe) gives a map A —>• B^'^ in Ho(Modyi(ESp^)). Recall that T is the full 
subcategory of Ho(ModA(ESpj,)) consisting of X such that the unit map X —>■ RReLEx(A) is an 
isomorphism. Hence A g T if and only if the map A —>■ B^'^ is an isomorphism. 

Now we suppose A g ESp^, and B g ESp(G)fc are commutative monoid objects and p : A ^ 
B is a map of commutative monoid objects. In this case the pair LEx : Ho(ModA(ESpfc)) 


Fb 
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Ho(ModB(ESp(G)fe)) : RRe of functors is an adjunction of symmetric monoidal Ho(i;Sp)-algebras. 
In particular, Ho(Modyi(SSpfc)) and Ho(Mod_B(SSp(G))fc) are symmetric monoidal categories and 
LEx is a strong symmetric monoidal functor. We show that T contains all dualizable objects in 
Ho(ModA(ESpfc)) HAgT. 

Proposition 4.6. We assume that A G SSp^. and B € ESp(G)fe are commutative monoid objects 
and if \ A ^ B is a map of commutative monoid objects. If A ^ B^'^ is an isomorphism, then T 
contains all dualizable objects in Ho(ModA(ESpj,)). 

Proof. We put M = Mod. 4 (ESp;.) and N = ModB(ESp(G)fc). The homotopy categories Ho(M) 
and Ho(N) are symmetric monoidal categories with tensor products 0^4 and 0 ^^, respectively. We 
let X be a dualizable object in Ho(M) and denote by DX its dual. Since LEx is strong symmetric 
monoidal and LEx(A) = B, LEx(X) is a dualizable object in Ho(N) and its dual is LEx(£>X). 
Eor any W € Ho(M), we have a natural isomorphism 

[W,RReLEx(X)]M = [LEx(W) 0 “^ LEx(L»X), LEx(y4)]N. 

We have LEx(VF) 0 ^ LEx(£>X) = LEx(W 0’4 DX). This implies the following isomorphism 

[LEx(W) 0 ^ LEx(i:)X),LEx(A)]N = [W,KReLEx(A) 0 ^ X]m. 

By the Yoneda lemma, we obtain MReLEx(Y) = ]RReLEx(Al) 0^4 X. By the assumption, we have 
A = RReLEx(A), and hence RReLEx(yl) 0 ^ X = X. This shows X = RReLEx(Y). □ 

Remark 4.7. We note that A —> B^’^ is an isomorphism under some conditions if i? is a consistent 
fc-local G-Galois extension. 

Eirst, we recall the definition of fc-local Amitsur derived completion (see, for example, [341 
Def. 8.2.1]). Let A be a fc-local cofibrant commutative symmetric ring spectrum. Eor a cofibrant 
commutative A-algebra G, the fc-local Amitsur derived completion A^ q is the homotopy limit of 
the cosimplicial spectrum given by 

n+1 

L^C^AU+i ^ Lk(CAA--AAC) 

with the usual cosimplicial structure, where Lk is the localization functor with respect to k. 

The fc-local G-Galois extension ip : A ^ B in the sense of [4j Def. 6.2.1] is said to be consistent 
if the coaugmentation of the fc-local Amitsur derived completion A —> Af n is an equivalence (see 
H Def. 1.0.4(1)]). 

We suppose the localization functor Lk is given as a composite of two localization functors 
LmLt, where Lt is a smashing localization and Lm is a localization with respect to a finite spec¬ 
trum M (cf. [U Assumption 1.0.3]). Eurthermore, we suppose G has finite virtual cohomological 
dimension. If : A —>■ R is a consistent fc-local G-Galois extension, then p induces an isomorphism 
A A’ by [H Prop. 6 .1.7(3) and Gor. 6.3.2]. 

4.4. Finite Galois extensions. In this subsection, as an example, we consider the case associated 
to a finite Galois extension of symmetric spectra. Now suppose that G is a finite group and k is an 
arbitrary symmetric spectrum. We assume that (p : A —>■ R is a faithful fc-local G-Galois extension 
of symmetric spectra (see [33J Ch. 4]). We have a symmetric monoidal ESp-Quillen adjunction 
Ex : Modyi(ESp^) A ModB(ESp(G)fc) : Re and its derived adjunction LEx : Ho(ModA(ESpj,)) A 
Ho(ModB(ESp(G)fc)) : MRe. In this case we shall show that the full subcategory T is the whole 
category Ho(ModA(ESpfc)), where T consists of objects X in Ho(Modyi(ESp^.)) such that the unit 
map X —>• ]RReLEx(A) is an isomorphism. Eurthermore, we shall show that the adjoint pair 
(Ex, Re) is a Quillen equivalence. 
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First, we recall that an A-module object M is said to be fc-locally faithful if M Aa N = 0 implies 
iV = 0 in Ho(ModA(SSp,i.)). A fc-local G-Galois extension ip : A ^ B is said to be faithful if 
UB is a fc-locally faithful A-module, where U : ESp(G)fe —> ESp^. is the forgetful functor. By 
[3^ Prop. 6.2.1], if (p : A —>■ i? is a fc-local G-Galois extension, then UB is a dualizable object in 
Ho(Modyi(SSp^.)). 

For any N G Ho(ModA(ESpj,)), we have the unit map N -A MReLEx(A^). Since RRe = i—)^^ 
is the homotopy hxed points functor, we can identify this map with the map N ^ {B Aa N)^'^. 
We show that the map N -A- B{AaN)^'^ is an isomorphism for any N G Ho(ModA(ESpj,)). This 
means the full subcategory T is the whole category Ho(ModA(ESpfc)). 

Lemma 4.8. Suppose that G is a finite group and p ■. A ^ B is a faithful k-local G-Galois 

extension. The map N ^ {B N)^'^ is an isomorphism for any N G Ho(Modyi(ESpj.)), and 

hence T = Ho(Modyi(ESp^)). 

Proof. Since UB is fc-locally faithful over A, it suffices to show that the map UB Aa N ^ UB Aa 
{B Aa is an isomorphism in Ho(ModA(ESp^.)). Since UB is a dualizable object, we have an 
isomorphism UB Aa {B Aa N)^'^ = {UB Aa B Aa in Ho(ModA(ESpfc)). By the assumption 
that p : A ^ B is a. fc-local G-Galois extension, we have an equivalence UB Aa B ~ Map(G, UB). 
This induces an equivalence UB Aa B Aa N ~ Map(G, UBAa,N). Hence we see that {UB Aa 
B Aa — UB A A N and the map UB Aa N ^ UB Aa {B A a is an isomorphism in 

Ho(ModA(ESp^.)). This completes the proof. □ 

Next, we would like to show that the adjunction (Ex, Re) is actually a Quillen equivalence. In 
order to show that the following lemma is useful. 

Lemma 4.9. Suppose that G is a finite group and p : A ^ B is a faithful k-local G-Galois 

extension. For any Z G Ho(ModB(ESp(G)fc)), if is trivial, then Z is trivial. 

Proof. We may assume that Z is an object in ModB(ESp(G)fc) that is both hbrant and cofibrant. 
We have a map UB Aa Z -a Map(G, UZ) in ESp(G)fe, which is the adjoint of the GH-action map 
U{UB Aa Z) = UB Aa UZ ^ UZ of UZ. We shall show that this map is a weak equivalence. Eor 
this purpose, it suffice to show that UB Aa UZ -A UMap{G,UZ) is a weak equivalence. Using 
the fact that UB AaUB cs GMap(G, UB), we see that UB AaUZ ~ GMap(G, UZ) and the map 
UB AaUZ ^ GMap(G, UZ) is a weak equivalence. 

The weak equivalence UB Aa Z ^ Map{G,UZ) implies that {UB Aa Z)^^ = Map{G,UZ)^^ 
in Ho(ModA(ESpj,)). Since UB is a dualizable object, we have an isomorphism {UB Aa Z)^^ = 
UB Aa Z^^ in Ho(ModA(ESpj,)). Since Map(G, UZ)^^ = UZ, we see that, if Z^^ is trivial, UZ 
is trivial and hence Z is trivial. □ 

Using this lemma, we obtain the following proposition which says the adjunction (Ex, Re) is a 
Quillen equivalence if it is associated to a faithful fc-local finite Galois extension. 

Proposition 4.10. If G is a finite group and p : A ^ B is a faithful k-local G-Galois extension, 
then the adjoint pair 

Ex : ModA(ESpfc) Mod_B(ESp(G)fc) : Re 

is a Quillen equivalence. 

Proof. Let A be a cofibrant object in ModA(ESpj.) and Y a hbrant object in ModB(ESp(G)fc). 
Suppose that / ; H Aa A —^ F is a weak equivalence in Mod_B(ESp(G)fc). Then we can regard Y 
as a hbrant replacement of B Aa A and hence Y^ represents {B Aa A)^*^ in Ho(ModA(ESpj.)). 
By Lemma 14.81 the adjoint map g \ X ^ Y^ to / induces an isomorphism X ^ {B Aa X)^^ in 
the homotopy category Ho(ModA(ESp,i.)) and hence the map g : X ^ Y'^ is a weak equivalence. 
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Conversely, suppose that g : X ^ is a weak equivalence in ModA(SSpj.). We have to show 
that the adjoint map f : B Aa X ^ Y to g is a weak equivalence. We let Z be the cofiber of the 
map / in Ho(ModB(ESp(G)fc)). Note that is represented by Y^ and {B X)^^ = X by 
Lemma 14.81 By the assumption that g : X ^ Y^ is a weak equivalence, we see that the induced 
map : {B Aa X)^^ -a Y^^ is an isomorphism in Ho(Modyi(ESp^.)), and hence is trivial. 
By Lemma 14.91 Z is trivial and hence / is an isomorphism in Ho(ModB(ESp(G)fc)). This shows 
that / : B Aa X —>• F is a weak equivalence. This completes the proof. □ 

4.5. The /•f(n)-local category. In this subsection we shall apply the results in S 1 14.21 and 14.31 to 
the iL(n)-local category. Let En be the nth Morava Ll-theory spectrum and K{n) the nth Morava 
iiT-theory spectrum at a prime p. We denote by (G„ the extended Morava stabilizer group. In this 
subsection we shall show that the K[n)-\oca\ category can be embedded as an enriched category 
over the stable homotopy category of spectra into the homotopy category of module objects over 
a discrete model Fn of En in the category of K (n)-local discrete symmetric G„-spectra. 

In [9l Def. 2.3] Davis constructed a discrete G„-spectrum Fn by using results in [11]. We shall 
review the construction of Fn- Devinatz-Hopkins m gave a functorial construction of commutative 
S'-algebras E'^^^ for open subgroups U of which satisfy the desired properties of the homotopy 
fixed points spectra. The spectrum Fn is defined by 

Fn = cohm 

where the colimit is taken over the open subgroups U of G„. Note that Fn is E{n)-\oca\, where 
E{n) is the nth Johnson-Wilson spectrum at p, since the Bousfield localization LE{n) with respect 
to E{n) is smashing and is the colimit of the if(n)-local spectra and that the spectrum 

En is recovered by the equivalence 

Fn — Fj^(^n)^n 

in the stable homotopy category of spectra by (9] Thm 6.3], where Lx(n) is the Bousfield localization 
with respect to K{n). 

In in §8.1] Behrens-Davis showed that can be taken as a commutative monoid object in 
ESp(G„). Furthermore, they showed that is a consistent /•f(n)-local G„-Galois extension of 
LK(n)S, where S is the sphere spectrum. Note the iF(n)-localization functor Lx(^n) is the composite 
Lp(^n)LE(n) of two localization functors, where Lp^n^ is smashing and Lp(^n) is the localization 
functor with respect to any finite spectrum F{n) of type n at p. By Remark 14.71 this implies that 
the unit map p : S ^ Fn induces an isomorphism S ^ (Fn)^'^" in Ho(ESp^(„)) since G„ has 
finite virtual cohomological dimension. 

We consider the adjunction 

LEx : Ho(ESp^(„)) ^ Ho(ModF„(ESp(G„)if(„))) : RRe. 

By 1 14.31 the right adjoint MRe is interpreted as the homotopy fixed points functor (—Hence 
the unit map of the adjunction is regarded as a map X -A {{Fn AX )for X G Ho(ESp^(„)), 
where (—)ic(„) is the iF(n)-locahzation functor on Ho(Modi;’„(ESp(G„)). 

Now we shall show that the homotopy fixed points functor (—is compatible with the 
A'(n)-locahzation. We let M be an object in Ho(Mod_F„(ESp(G„))) and denote by the 

Rr(n)-locahzation of M, which is represented by a fibrant replacement in Mod/T’^ (ESp(G„)^(„)) of 
a representative of M in ModF„(ESp(G„)). Since is K{n)-\oca\, we have a natural 

map 

LKin){M^^-) {MKin))'^^- 

in the stable homotopy category of spectra. 
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Lemma 4.11. The natural map —>■ is an isomorphism in the stable 

homotopy category of spectra for any object M in Ho(Modi7’(n)(SSp(Gn))). 

Proof. Let F{n) be a finite spectrum of type n at p. To show that the map ) —>■ 

is an isomorphism, it suffices to show that F(n) > F(n) A {Mx 

is an isomorphism since Lx{n){M^'^^) and are both K{n)-\ocd\. 

First, note that M is E{n)-\oca\. since F^ is E{n)-\oca\. and Lx(n) is smashing. Since M 
and Mx(n) are £’(n)-local, the localization map M Mx(n) induces an isomorphism F{n) A 

M ^ F{n) A Mx(n) in Ho(Modi?„(ESp(G„)). Hence a fibrant representative of F{n) A M in 
ModF„(LSp(G„)) is also fibrant in Mod^’^(ESp(G„)if(„)). Therefore, we see that the homotopy 
fixed points spectrum (F(n) A taken on Ho(Mod_F^ (ESp(G„))) is isomorphic in the stable 

homotopy category of spectra to the homotopy fixed points spectrum {F{n) A Mx{n))^'^'' taken on 
Ho(ModF„(ESp(G„))if(„)). 

Since M is E{n)-\ocal, is also E(n)-\ocdl. Using the facts that F(n) is finite, 

is E{n)-\oca.\, and Lx(n) — Lp(n)LE{n)^ 'we have a natural isomorphism F{n) A Lx{n){FI^'^"-) — 
{F{n) A . On the other hand, since F{n) is finite, we have a natural isomorphism F{n) A 

— {F{n) A Mx{n))^'^"'■ Therefore, we see that the map F{n) A 
F{n) A is an isomorphism. This completes the proof. □ 

By [HI Thm. 9.7] and (TUI Thm. 1.1], the natural map X —> LF'(n)((-PnAX)^'^") is an isomorphism 
for any X e Ho(ESp^(„)). Using Lemma 14.111 we see that the unit map X —>■ ((F„ A X)x{n))^'^’' 
is an isomorphism for any X G Ho(ESp^(„)). Hence we obtain the following theorem by Proposi¬ 
tion |43] 

Theorem 4.12. The functor 

LEx : Ho(ESp^(„)) —^ Ho(ModF„(ESp(G„)F(n))) 

is fully faithful as an Ho(ESp)-ennc/iec? functor. 

The theory of localizations in enriched categories was developed by Wolff [40] . Theorem 14.121 
implies that the K{n)-\oca\ category Ho(ESp;f(„)) is an Ho(ESp)-enriched coreflective subcategory 
of Ho(ModF„(ESp(G„))F-(n))- By SOI Thm. 1.6], we obtain the following corollary. 

Corollary 4.13. Let W be the class of morphisms f in Ho(ModF„(ESp(G„)F'(ra))) such that 
the induced morphism f^^^ = MRe(/) on homotopy fixed points spectra is an isomorphism in 
Ho(ESp^(„)). The K{n)-local category Ho(ESp^(„)) is equivalent to the localization of the homo¬ 
topy category Ho(ModF„(ESp(G„)F-(n))) with respect to W as an Ho(TjSp)-enriched category 

Ho(ESp^(„)) Ho(ModF„(ESp(G„)F(n)))[W-i]. 

Remark 4.14. In the forthcoming paper [35] we will show that the symmetric monoidal ESp- 
Quillen adjunction Ex : ESp^(„) ^ ModF„(ESp(G„)F'(n)) : Re is a Quillen equivalence. 

5. Embeddings of quasi-categories of modules over Sp^, 

Let Spj, be the underlying quasi-category of the simplicial model category ESp^,. Let ip : E 

be a map of algebra objects in Sp^.. We have an adjunction of underlying quasi-categories 

E Aa (-) : Modyi(Spi,) ^ ModF(Spfe) : ip*. 

In this section we discuss an embedding of certain full subcategory of Mod^(Spfc) into the quasi¬ 
category of comodules associated to the adjunction. 
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5.1. Quasi-categories of comodules. In this subsection we shall introduce a quasi-category of 
comodules associated to an adjunction of quasi-categories. 

First, we fix notation. For a monoidal quasi-category j\4, we denote by Alg(Ad) the quasi¬ 
category of algebra objects in j\4. For a quasi-category JV left-tensored over At and an algebra 
object T £ Alg(Al), we denote by ModT(A/’) the quasi-category of left T-modules in M (see [28l 
4.1.1 and 4.1.2] for these concepts). 

Let C and V be quasi-categories. We denote by Fun(C, V) the quasi-category of functors from C 
to V (see [571 1.2.7]). We can regard the quasi-category End(C) = Fun(C,C) as a monoidal quasi¬ 
category by the composition of functors (see [551 4.7]). A monad on C is defined to be an algebra 
object of End(C). If T is a monad on C, we can consider the quasi-category of left T-modules 
ModT(C) in C. 

For quasi-categories C and V, the quasi-category Fun(2?, C) carries a left action of the monoidal 
quasi-category End(C) by composition of functors, and we can regard Fun(T>, C) as left-tensored 
over End(C). Thus, we can consider the quasi-category of left T-modules ModT(Fun(I>,C)) in 
Fun(T>,C) for a monad T £ Alg(End(C)). Let i? : T> —>■ C be a functor of quasi-categories. An 
endomorphism monad of R consists of a monad T £ Alg(End(C)) together with a left T-module 
R £ ModT(Fun(T,C)) whose image in Fun(T>,C) coincides with R, such that the action map 
a : TR ^ R induces a weak equivalence of mapping spaces 

Ma'PFun(I?,C)(^i ^ Ma'PFun(X>,C)(^^Jc) 

for any F £ Fun(T>,C) (see [28l 4.7.4]). 

Now we recall the definition of an adjunction between quasi-categories (see [571 Def. 5.2.2.1]). Let 
C and R be quasi-categories. An adjunction between C and T> is a map g : A4 —^ of simplicial 
sets which is both a Cartesian fibration and a coCartesian fibration together with equivalences 
C Al{o} and V —>• Al{i}, where M.{o} and A4{i} are the fibers of q at {0} £ and {1} £ A^, 
respectively (see [271 2.4.2] for the definitions of a Cartesian fibration and a coCartesian fibration). 
In this case we let T : C —>■ T> and R : V C he functors associated to A4, and say that L is left 
adjoint to R and R is right adjoint to L. 

We have a characterization of adjoint functors of quasi-categories in terms of mapping spaces 
as in classical category theory. Suppose we have a pair of functors of quasi-categories 

L:C^V:R. 

The functor L is left adjoint to R if and only if there exists a morphism u : idc —>• RL in Fun(C, C) 
such that the composition 

Map^(T(C'),T)) Mapc(TT(C'),i?(T))) ^ Mapc(C', T(T»)) 

is a weak equivalence for any C £ C and D €V (see [111 Prop. 5.2.2.8]). 

We shall introduce a quasi-category of comodules associated to an adjunction of quasi-categories. 
For a quasi-category X, we denote by X°p the opposite quasi-category of X (see [571 1-2.1]). 
Suppose we have an adjunction of quasi-categories L : C ^ V : R. This induces an adjunction of 
opposite quasi-categories 

R°p : T>°P :^C°P : L°P. 

We obtain an object L°pR°p in End(T>°P), and we can lift L°pR°p to an endomorphism monad of 
L°P by [55] 4.7.4]. In particular, we have a monad 0 £ Alg(End(T>°P)) that is a lifting of L°pR°p, 
and a left 0-module object L°p £ Mode(Fun(C°P, T>°p)) that is a lifting of L°p. We regard 0 as a 
comonad on R and we define the quasi-category of left 0-comodules 

Comode (T) 
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to be Mode(I?°P)°P. Using an equivalence Mode(Fun(C°P, I?°p)) ^ Fun(C°P, Mode(I?°P)), we 
obtain an object in Fun(C°P, Mode(X>°P)) corresponding to F°p € Mod 0 (C°P, 2?°p). Hence we see 
that the functor L : C ^ V factors through a functor 

L : C —Coniode(X>) 

so that UL ~ L, where U : Comode (X>) —is the forgetful functor. We say that L exhibits C as 
comonadic over I? if L is an equivalence of quasi-categories. 

5.2. Embeddings into quasi-categories of comodules. Recall that Sp^. is the underlying 
quasi-category of the simplicial model category ESp^.. Since ESp^ is a simplicial symmetric 
monoidal model category, Sp^. is a symmetric monoidal quasi-category (see |281 4.1.3]). In this 
subsection we shall formulate embeddings of quasi-categories of modules into quasi-categories of 
comodules in Sp^.. 

For an algebra object A in Sp^., we have the quasi-category of left H-modules ModA(Spj.) in 
Spj,. For a map ip : A ^ E oi algebra objects in Sp,i., we have an adjunction of quasi-categories 

L : ModA(Spfc) ^ Mod_E(Spj.) : R, 

where L = E A a (—) and R = ip*. Hence we obtain a comonad 0 on ModE(Sp^.) and a quasi¬ 
category of left 0 -comodules 

Comod(s^e)(Spfc) = Comode(ModE(Spfc)). 

The functor L factors through a functor 

Coex : Modyi(Sp;.) —)• Comod(£;_e)(Sp;.). 

so that C/Coex ~ L, where U is the forgetful functor U : Comod(£;^e) (Sp^) —Mod_E(Spj,). We set 

0' = Coexi?. 

The functor 0' is informally given by 0'(X) = 0(X) with the obvious 0-comodule structure for 
X G Mod_E(Sp;.). Note that 0' is a right adjoint to the forgetful functor U. 

Now we introduce a functor P : Comod(B_e)(Sp^) —> Modyi(Sp;.) which is a derived functor of 
taking primitive elements. The functor P is related to the derived completion defined by Carlsson 
in [7] and the nilpotent completion considered by Bousfield in For X G Comod(£; e)(Sp^,), we 
have a cosimplicial object 

C’{R,e,UX) 

in Mod. 4 (Spj,) by the cobar construction. We define a functor 

P : Comod(i;,e)(Spfe) ^ ModA(Spfc) 

by PX = \imC*{R,e,UX). 

For Y G Mod. 4 (Sp^.), we have a coaugmented cosimplicial object 

Y -A E’+'^Y 

in Mod^(Sp^) given by 

/c+1 

E'^+^Y = E Aa ■ ■ ■ Aa E AaY 

with the usual cosimplicial structure, which is sometimes called the Amitsur complex [5]. There is 
an equivalence of cosimplicial objects 

C*{R, 0, UCoex{Y)) ~ E'+^Y. 

Note that the map Y -A limU’+^F is an analogue of the derived completion of Y at the 
A-algebra E in the sense of [7] (see Remark 14.71 for the /c-local Amitsur derived completion). 
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Furthermore, \i k = A = S, then the map Y —limi?*+^y is the i?-nilpotent completion of Y 
in Ho(Sp) in the sense of [5], where Ho(Sp) is the stable homotopy category of spectra. 

We shall recall the B-nilpotent completion of spectra for a ring spectrum B in Ho(Sp). A 
spectrum W G Ho(Sp) is said to be i?-nilpotent if W lies in the thick ideal of Ho(Sp) generated 
by B. A i?-nilpotent resolution of a spectrum Z is a tower {VFs}s>o under Z in Ho(Sp) such that 
Ws is i?-nilpotent for all s > 0 and the map Colima HomHo(Sp)(WA, A^) —t HomHo(Sp) A^) is an 
isomorphism for any i?-nilpotent spectrum N. The i?-nilpotent completion of Z is defined to be 
the homotopy inverse limit holimsl44 for any S-nilpotent resolution {Ws}s>o of Z. 

We can consider the Tot tower {Tor'*i?*+^y}s>o associated to the cosimplicial object E*'^^Y. If 
k = A = S, then the cofiber of each map Tot®~'’^i?*^^y Tot®A*+^y is an iil-module, and hence 
A-nilpotent in Ho(Sp) for all s > 0. By induction on s and the fact that Tot°i?*'^^T = E AY, we 
see that Tot®£l*^^T is A-nilpotent for all s > 0. Furthermore, we let F® be the fiber of the map 
Y -A Tot®F*+^y for s > 0. The induced map -A F® is null in Ho(Sp) after tensoring with E 
for all s > 0. This implies an isomorphism colirng HomHo(Sp)(Tot®F*+^y, TV) —^ HomHo(Sp )(^j A^) 
for any F-nilpotent spectrum TV. Hence limF’+^F is the F-nilpotent completion of Y in Ho(Sp). 

We would like to show that a certain full subcategory of ModA(Spfc) can be embed into 
Comod(E_e)(^Sp;.) through Coex. For this purpose, we show that Coex has a right adjoint. 

Proposition 5.1. The functor P is a right adjoint to Coex so that we have an adjunction of 
quasi-categories 

Coex : Mod^(Spj,) Comod(£;^e)(Spfc) : F. 

Proof. Let X be the full subcategory of Comod(£;^e)(Spfe) consisting of X such that the functor 

Mapcomod(E,e)(Sp,)(Coex(-),X) : ModA(Spfc) ^ 5 

is representable, where S is the quasi-category of spaces. We denote by P{X) the representing 
object in Mod^(Sp;.) for X G X. In this case, P{X) is well-defined up to canonical equivalence 
and we obtain a functor 

F : A —)• ModA(Sp;j). 

In order to prove the proposition, we have to show that X is actually the whole quasi-category 
Comod(£;^ 0 )(Spj,). First, we shall show that Q'Z G X for any Z G Mod_E(Spj!.). Since 0' is a right 
adjoint to U and f/Coex ~ F is a left adjoint to R, we see that there is a natural equivalence 

AIapcomod(E,e)(Spfc)(Coex(F), 0 'Z) ~ MapModA(Spfc)(^i FZ) 

for any Y G Mod£;(Sp/,), and hence 0'Z G X. We note that PO'Z ~ RZ. 

Next, we shall show that X G A for any X G Comod(£;^e)(Sp^). Let C*{0',Q,UX) be a 
cosimplicial object in Comod(£;^e)(Spfc) given by the cobar construction. By [28l 4.7.4], we see 
that limC'*(0', 0, t/A) ~ X. Since C'"(0', 0, f/A) ~ 0'0"[/A G A for any n, we can construct 
a cosimplicial object FC*(0', 0, FA) in ModA(Spj,). We can verify that limFC*(0', 0, FA) 
represents the functor ^j(gp^)(Coex(—), A), and hence A G A. 

Therefore, we obtain A = Comod(£;^e)(Spfc). Since there is an equivalence FC'*(0', 0, FA) ~ 
C*(F, 0,FA) of cosimplicial objects, we see that FA ~ FA for any A. This completes the 
proof. □ 

Let T be the full subcategory of ModA(Sp;j) consisting of A such that the unit map A —>■ 
FCoex(A) is an equivalence 

r = {A G ModA(Spfc)| A 4 FCoex(A)}. 

In the same way as in Proposition 14.51 we obtain the following proposition. 
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Proposition 5.2. The restriction of Coex to T is a fully faithful functor of quasi-categories. 

5.3. Examples. In this subsection we give some examples of embeddings into quasi-categories of 
comodules. 

(1) (cf. [T71 6.1.2]) Let k = S and let tp : S ^ MU be the unit map, where MU is the 
complex cobordism spectrum. We have an adjunction MU A (—) : Sp <=^ ModMt/(Sp) : if* ■ 
We denote by MU A MU the comonad on ModMC/(Sp) associated to the adjoint pair 
{MUA{—),ip*). If X e Sp is connective, then the map X —>■ limMC/*+^X is an equivalence 
by m Thin. 6.5]. Hence X G T. Let Sp-° be the full subcategory of Sp consisting of 
connective spectra. By Proposition [5^ the functor 

MU A (—) : Sp-° —> Comod(Mc/.MUAMC/) (Sp) 

is fully faithful. 

(2) Let k = E{n) be the nth Johnson-Wilson spectrum at a prime p and let tp : S ^ E{n) be 
the unit map. We have an adjunction E{n) A (—) : Sp^^^) <=^ Mod£(„)(Sp^(„)) ; ip*. We 
denote by E{n) A E{n) the comonad on Mod£)(„)(Sp£(„)) associated to the adjoint pair 
{E{n) A {—),ip*). For any X G Sp^(„), the map X limE(n)*+^X is an equivalence in 
Sj)E{n) since any spectrum is E(n)-prenilpotent by [5^ Thm. 5.3]. Hence the functor 

E{n) A (-) : SpEin) —^ Comod(£;(„),£;(„)Ais(„))(Sp£)(„)) 
is fully faithful. 

(3) Let k = K{n) and let ip '. S ^ En be the unit map. We have an adjunction A 

(—)) : Sp^(„) <=^ Mod£;,^(Sp^(„)) : ip*. We denote by Lx{n){En A E„) the comonad on 
Mod£;„(Spjf(„)) associated to the adjoint pair {LK{n){EnA{—)),ip*). For any X G Spjf(„), 
the map X lim is an equivalence in Sp^(„) since any X(n)-local spectrum 

is iF(n)-local i?„-nilpotent by pTl Prop. A.3]. Hence the functor 

LK(n){En A (-)) : SpE{n) -^ Comod(^E,„LK(„){E„/\E„)){SpK{n)) 

is fully faithful. 

(4) Let k = M{p) be the mod p Moore spectrum at a prime p. Let ip : S ^ H¥p be the 
unit map, where H¥p is the mod p Eilenberg-Mac Lane spectrum. We have an adjunction 
H¥p A (—) : Sp^(p) ^ ModH¥p{SpM{p')) ■ ’f’*- We denote by H¥p A H¥p the comonad 
on Mod//Fp(SpJ^^(p)) associated to the adjoint pair {H¥p A {—),ip*). If X G SpJ^^(p) is 
connective, then the map X lim A/F*+^X is an equivalence in Sp^(p) by [S] Thm. 6.5], 
and hence X G T. The functor 

H¥p A (-) : Sp|f°p) —5- Comod(OTp ,ffFpAiLFp)(SpM(p)) 

is fully faithful, where is the full subcategory of SpJ^^(p) consisting of connective 

spectra. 


6. Quasi-category of discrete G-spectra 

In this section we discuss the underlying quasi-categories of modules and algebras over ESp(G)fc. 
We show that the formulations of embeddings of module categories in ]2| and ]|ni are equivalent 
under some conditions. 
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6.1. The quasi-category Sp(G)fc as a comodule category. By Proposition 13.101 we have a 
symmetric monoidal ESp-Quillen adjunction U : ESp(G)fc SSp^ : V, where U is the forgetful 
functor and V{—) = Mapg(G, —). We denote by Sp(G)fe the underlying quasi-category of ESp(G)fe. 
The adjoint pair ([/, V) induces an adjunction of quasi-categories 

Uk : Sp(G)fe 1=^ Spfc : 14. 

We denote by P the comonad on Sp^, associated to the adjoint pair (Uk,Vk). We have the quasi¬ 
category of comodules 

Comodr(Spj,) 

over P. In this subsection we shall show that Uk exhibits Sp(G)fc as comonadic over Sp^,, that is, 
Sp(G)fc is equivalent to Comodr(Sp;.) under some conditions. 

First, we consider the unlocalized version of the adjunction U : Sp(G) Sp : F and show that 
the forgetful functor U : Sp(G) —>■ Sp exhibits Sp(G) as comonadic over Sp. For this purpose, we 
shall apply the quasi-categorical Barr-Beck theorem by Lurie [351 4.7.4]. In particular, we have to 
show that U preserves the limit of any cosimplicial object of ESp(G) that is split in ESp. Since the 
limit of a diagram in the underlying quasi-category of a simplicial model category is represented 
by the homotopy limit of the simplicial model category, we recall the homotopy limit of a diagram 
in a simplicial model category. 

We use a model of homotopy limits in [151 Ch. 18]. For a small category C and an object a € C, 
we denote by (C i a) the category of objects of C over a. An object of (C j, a) is a pair (/3, cr) 
where /3 is an object of C and cr is a map /3 ^ a in C. A morphism from (/3, cr) to {fi',a') in 
(C j, a) is a map r : /3 —>■/?' in C such that a = u't. A map ct : a —?> a' in C induces a functor 
CT* : (C 4- a) —(C 4- Oi') by composing with cr. For a small category C, we denote by BC its 
classifying space (simplicial set), which is given by applying the nerve functor to C. Let M be a 
simplicial model category. For an object Y G M and a simplicial set K, we denote by Y^ the 
power of Y by K. For a functor X : C —>■ M such that is fibrant for all a G C, the homotopy 
limit holim^ X is defined to be the equalizer of the maps 

aGC ^ (cr:a—raqeC 

where the projection of the map (j) on the factor ct : a —>■ a' is the composition of the projection on 
the factor a with the map (Xa)^(‘'4“) —5^ (Xa')^^^'*'“^ induced by the map X^ : X„ —X^' and the 
projection of the map tp on the factor cr : a —^ is the composition of the projection on the factor 
a' with the map (Xa')^(^4« ) ^ (Xa')^^^'*'“^ induced by the map B{a^) : B{C 4. a) —>■ B{C ], a'). 

Next, we would like to compare the homotopy limit of a diagram in ESp(G) with that of the 
diagram in ESp obtained by applying the forgetful functor U. For this purpose, we shall describe 
the limits and powers in ESp(G) in terms of those in ESp. 

For a small category C, we let X : C —)• ESp(G) be a functor. We shall describe the limit 
lim^^^^'^^ X in ESp(G). We have the induced functor t/X : C —?► ESp and the limit lim^®^ GX 
in ESp. By the functoriality of limit, we can regard lim^^^ GX as an object in ESp(G'^). We 
also have the induced functor X*^ : C —)• ESp(G'*). We see that lim^®^ GX can be identified with 
the limit of X-^ in ESp(G'^): lim^®''^'^'^ X-^ ^ GX. Since d : ESp(G^) ESp(G) is right 

adjoint, the functor d preserves limits, and hence we obtain that the limit lim^®^^*^^ X in ESp(G) 
is isomorphic to (i(lim^®^^^ ^ X"^) and hence we obtain an isomorphism 

limg^P^'^^ X ^ d(limc®P GX). 
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Let X G ESp(G') be a discrete symmetric G-spectrum and K a simplicial set. We shall describe 
the power of X by K in I]Sp(G). Note that the copower X ® NT is given by X A E“X, where 
is the suspension spectrum of K with the disjoint base point. This implies that the functor 
(5 preserves copower, that is, there is a natural isomorphism (X (E) K)^ = X^ 0 X in ESp(G^) for 
any X G ESp(G) and any simplicial set K. By using the adjunction of power and copower, we 
see that the functor d preserves powers, that is, d{Y^) = (dY)^ for any Y G ESp(G'^) and any 
simplicial set K. By the functoriality of power, we can regard the power (UX)^ of the symmetric 
spectrum UX G ESp by K as an object of ESp(G‘*) and identify the power (X^)^ in ESp(G'^) 
with {UX)^. Using X = d{X^), we obtain an isomorphism 

X^ ^d{{UX)^) 

in ESp(G) for any X G ESp(G) and any simplicial set K. 

Using these descriptions of limits and powers in ESp(G), we shall describe the homotopy limit 
of a diagram in ESp(G). Let C be a small category and let X : C ESp(G) be a functor such 
that Xq, is fibrant for all a G C. By the functoriality of the homotopy limit, we can regard the 
homotopy limit holim^®^ f/X in ESp of the induced functor C7X as an object of ESp(G^). Note 
that C/Xq, is fibrant for all a since U preserves fibrant objects by [U Cor. 5.3.3]. Since d preserves 
limits and powers, we obtain an isomorphism 

holimc®''^'^^ X d(holimc®P UX). 

We use the following notation for simplicity. For a cosimplicial object Y* in ESp such that U’’ 
is fibrant for all r > 0, we denote by 

holiiTLA Y* 

the homotopy limit holim^®^ Y* in ESp, and for a cosimplicial object Z* in ESp(G) such that Z'' 
is fibrant for all r > 0, we denote by 

holimA Z* 

the homotopy limit of Z* in ESp(G). By the above argument, we have an isomorphism 

holiniA Z* = d(hohmA UZ*) 

for any cosimplicial object Z* in ESp(G) such that Z"^ is fibrant for all r > 0. 

We have a canonical map 

U holim^ Z* —> holimA UZ* 

in ESp. We give a sufficient condition to ensure that the canonical map is an equivalence. The 
following lemma will be used to show that the forgetful functor U preserves th limit of any U -split 
cosimplicial object of Sp(G). 

Lemma 6.1. Let Z* he a cosimplicial object in ESp(G) such that Z^ is fibrant for all r > 0. We 
set Z = holiniA Z* and W = holimA UZ*. If G has finite virtual cohomological dimension, the 
coaugmentation map W —^ UZ* induces an isomorphism 7r*(lU) ^ 7r*^7r*(C/Z*), and 7r'*7r*(C/Z*) = 
0 for all s > 0, then the canonical map UZ^W is a weak equivalence. 

Proof. Since G has finite virtual cohomological dimension, as in the second paragraph of the proof of 
[SJ Thm. 7.4], we can choose a positive integer m and a fundamental neighborhood system A/" of the 
identity element of G consisting of open normal subgroups N such that the cohomological dimension 
cd(X) < m. In the following of this proof, we fix such a system A/". Since A/" is a fundamental 
neighborhood system of the identity, we have d(X) = coliniArgTv^ X^ for any X G ESp(G). Hence 
we obtain an isomorphism 

holimA^* = (i(holimA t/Z*) 

= coliniArgjy holimA (Z*)^. 
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Since the discrete G-spectrum Z'^ is fibrant in I]Sp(G), by [H Prop. 3.3.1(2)], is fibrant in 
SSp(A^) for any r > 0 and any N G M. Hence we see that the fixed points spectrum is equiv¬ 
alent to the homotopy fixed points spectrum for any r > 0 and any N G Af. Since N G A/ 

has finite cohomological dimension, by m Thm. 7.4], we have {Z'^)^ ~ holimA Map,j(G*'''^, 

Hence we obtain 

holim^ Z* ~ colimATgA^holiniA holiniA Map^(G*^^, Z*)^. 

We fix W G A/" and > 0, and consider the cosimplicial spectrum Mapg(G^+^, Z*)^. The 
Bousfield-Kan spectral sequence abutting to the homotopy groups of holimAMap, 3 (G^“''^, Z')^ has 
the form 

/£;*’* ^ 7r'*7rtMap^(G'=+\Z’)^ 7rt_,holimAMap^(G'=+\ Z*)^. 

Since 7r*Mapg(G^'+^, Z’’)'^ = Mapj,(G^''"^, 7r*(Z’’))^ for any r > 0, we see that 1 E 2 * = 0 for s > 0 
and iE°'* ^ Map^(G'=+i , 7rt(W))^ by the assumptions on the cohomotopy groups of 7r,({7Z*) and 
the fact that Mapg(G^+^, —)^ is an exact functor from the category of discrete G-modules to the 
category of abelian groups. Note that TTt[W) is a discrete G-module since it is a submodule of the 
discrete G-module 7rt(Z°). Hence the spectral sequence collapses from the i52-page and we obtain 
an isomorphism 

7r*holimAMap^(G'=+\ Z*)^ ^ Map,(G'=+\ 

Now we consider the cosimplicial spectrum holim[r]gAMap 2 (G*’*'^, Z’')^. The Bousfield-Kan 
spectral sequence abutting to the homotopy groups of holimAholim[r]gAMap 2 (G*'''^, Z’’)'^ has the 
form 

(6.1) — 7i‘^7rtholim[r]gAMap(,(G*^^, Z*')^ => 7rt_sholimA holimj^jgA Mapg(G*'^^, Z’’)^. 

Since 7r(holimp]gAMap2(G*+^, Z’')'^ = Map^(G*+^, 7rt(W))'^, we see that = E[^{N-,TTt(W)). 

Since the cohomological dimension cd(iV) is uniformly bounded for N G A/”, by taking the colimit 
over N gAA oi the spectral sequences (16.111 . we obtain a spectral sequence 

iiiEl''^ ^ C0limAreAt^lc(^;^9(^)) 

as in the proof of m Thm. 7.4]. Since = 'nq{W) and = 0 for p > 0, we see that the 

inclusion map GZ —>■ W is a weak equivalence in ESp. □ 

Let F ■. C ^ V he a, functor of quasi-categories and X* a cosimplicial object of C. We say that 
X* is J^-split if EX* is a split cosimplicial object of V (see [28l 4.7.3] for the definition of a split 
simplicial object). 

We consider the forgetful functor U : Sp(G) —>■ Sp and a G-split cosimplicial object of Sp(G). 
Note that Sp(G) admits all small limits by [571 Cor. 4.2.4.8] since Sp(G) is the underlying quasi¬ 
category of the combinatorial simplicial model category ESp(G). In particular, the limit of any 
cosimplicial object exists. We obtain the following lemma by Lemma [6.II 

Lemma 6.2. If G has finite virtual cohomological dimension, then the forgetful functor U : 
Sp(G) Sp preserves the limit of any U-split cosimplicial object o/Sp(G). 

Proof. We recall that M° is the full simplicial subcategory of a simplicial model category M 
consisting of objects that are both fibrant and cofibrant, and that W(M°) is the underlying quasi¬ 
category of M, where N{—) is the simplicial nerve functor. 

Let X* be a cosimplicial object in Sp(G) that is G-split. By [571 Prop. 4.2.4.4], there is a 
cosimplicial object Y’ in ESp(G)° such that N(Y*) ~ X*. Note that UY* is a cosimplicial object 
in SSp° since U is a left Quillen functor and preserves fibrant objects by [H Cor. 5.3.3]. In order 
to prove the lemma, we have to show that the map 

: G(holim^y) —5- holimA UY' 
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is a weak equivalence. 

Since UX* is a split cosimplicial object in Sp, 7r*([/X*) = is a split cosimplicial object 

in the category of graded modules. In particular, the coaugmentation map induces an isomorphism 
7r^,(holimAC/I^*) ^ 7r°7r*(17F*), and 7r'*7r*([/F*) = 0 for all s > 0. By Lemma IHTTl we see that the 
map is a weak equivalence. This completes the proof. □ 

Using Lemma 16.21 we obtain the following proposition which shows that Sp(G) is comonadic 
over Sp. 

Proposition 6.3. If G has finite virtual cohomological dimension, then the forgetful functor U : 
Sp(G) —>■ Sp exhibits Sp(G) as comonadic over Sp, that is, we have an eguivalence of quasi¬ 
categories 

Sp(G) Comodr(Sp). 

Proof We shall use the quasi-categorical Barr-Beck theorem by Lurie [28l 4.7.4]. We have to show 
that U is conservative, Sp(G) admits a limit for any t/-split cosimplicial object, and the limit of 
any G-split cosimplicial object is preserved by U. 

By the definition of the weak equivalences in ESp(G), we see that the forgetful functor U : 
Sp(G) —7- Sp is conservative. Since Sp(G) is the underlying quasi-category of the simplicial 
model category ESp(G), the quasi-category Sp(G) admits all small limits by [571 Cor. 4.2.4.8]. 
By Lemma IQ the limit of any G-split cosimplicial object of Sp(G) is preserved by G. This 
completes the proof. □ 

The following lemma is useful to show that other adjunctions are comonadic. 

Lemma 6.4. Suppose we have a commutative diagram of quasi-categories 

C V 

p q 

C G. 

We assume that F and F' are left adjoint functors, and that p and q are conservative. Furthermore, 
we assume that, for any cosimplicial object X* in C, if p{X*) admits a limit in C, then X* admits 
a limit in C' and that limit is preserved by p. If F exhibits C as comonadic over F, then F' exhibits 
C as comonadic over F'. 

Proof. We shall use the quasi-categorical Barr-Beck theorem by Lurie [28l 4.7.4]. We have to show 
that F' is conservative, C' admits a limit for any U'-split cosimplicial object, and the limit of any 
F'-split cosimplicial object of C is preserved by F'. 

First, we show that F' is conservative. Since F exhibits C as comonadic over F, F is conservative. 
Combining this with the conservativeness of p, we see that F' is conservative as well. 

Next, we let X* be an F'-split cosimplicial object of C. By applying p, we obtain an F-split 
cosimplicial object p{X*) in C since split cosimplicial objects are preserved by any functor. Since 
F exhibits C as comonadic over F, p{X*) admits a limit and that limit is preserved by F. By the 
assumption, X* admits a limit and the limit is preserved by p. We see that the limit of X* is 
preserved by F' since the composition Fp preserves the limit and q is conservative. □ 

Next, we consider the localized version of the adjunction Uk ■ Sp(G)fe ^ Sp^. : 14 and would 
like to show that the forgetful functor Uk ■ Sp(G)fc —> Sp^. exhibits Sp(G)fc as comonadic over Sp;.. 
For this purpose, we consider the following assumption on the localization functor G^. 




26 


TAKESHI TORII 


Assumption 6.5 (cf. [H Assumption 1.0.3]). The localization functor Lk on the stable homotopy 
category of (non-equivariant) spectra is given as a composite of two localization functors LmLt, 
where Lt is a smashing localization and Lm is a localization with respect to a finite spectrum M. 

We note that the A(n)-localization Lx(n) satisfies Assumption 16.51 where K{n) is the nth 
Morava A-theory at a prime p. Let i?(n) be the nth Johnson-Wilson spectrum and F{n) a finite 
spectrum of type n at p. The A(n)-localization Le^u) is smashing by [331 Thm. 7.5.6], and the 
A(n)-localization is given as the composite Lpf^^-^LE^n) (see, for example, [331 Prop. 7.10]). 

In order to compare the comonadicity of I]Sp(G)fc and I]Sp(G), we consider the functor 

MA(-):Sp(G)fe->Sp(G) 

given by smashing with a (non-equivariant) finite spectrum M. The functor M A (—) is right 
adjoint to the functor {DM A (—))fe, where DM is the S'-dual of M and {—)k is the fc-localization 
functor on Sp(G). We shall show that M A (—) is conservative if the localization functor Lk satisfies 
LmLu — Lk- 


Lemma 6.6. If the localization functor satisfies LmLr — Lk for a finite spectrum M, then the 
functor M A (—) : Sp(G)fc —>■ Sp(G) is conservative. 

Proof. Suppose f : X ^ Y is a map in Sp(G)fe such that M A / is an equivalence in Sp(G). We 
have to show that 17/ is a /c-equivalence, where U : Sp(G)fe Sp is the forgetful functor. Since 
M is finite and M AU f is an equivalence, M A LkU f — Lk{M AU f) is also an equivalence. Hence 
LMLkUf ~ LkUf is an equivalence. This completes the proof. □ 

The following theorem shows that Sp(G)fc is comonadic over Spj, under some conditions. 

Theorem 6.7. If G has finite virtual cohomological dimension and the localization functor Lk sat¬ 
isfies Assumption ] 6. 5\. then the forgetful functor U : Sp(G)fe -A Spj, exhibits Sp(G)fc as comonadic 
over Spk! that is, we have an equivalence of quasi-categories 

Sp(G)fe ^ Comodr(Spfe). 


Proof. Suppose Lk — LmLt, where M is a finite spectrum and Lp is smashing. We shall apply 
Lemma 16.41 for the following diagram 


Sp(G)fc 

ma(-) 

Sp(G) 


Uk 


SPfe 

MA(-) 

Sp, 


where the vertical arrows are given by smashing with the finite spectrum M. 

First, we have to show that the diagram is commutative. Let X be an object of Sp(G)fc which 
is represented by a fibrant and cofibrant object Y in SSp(G)fc. Since UkX in Spj, is represented by 
LkUY in ESp, we have to show that the natural map M A UY -A M A LkUY is a weak equivalence 
in ESp. This follows from the assumption that Lk — LmLt and the fact that UY is T-local by [U 
Prop. 6.1.7(2)]. 

The horizontal arrows are left adjoint functors, and the vertical arrows are conservative by 
Lemma |6.61 Since Sp(G)fc is the underlying quasi-category of the combinatorial simplicial model 
category ESp(G)fc, it admits all small limits by [371 Cor. 4.2.4.8]. Since M A {—) : Sp(G)fc Spj, 
is right adjoint, it preserves all limits by [37] Prop. 5.2.3.5]. By Proposition [331 U exhibits Sp(G) 
as comonadic over Sp. Hence, by Lemma 13^31 Uk exhibits Sp(G)fe as comonadic over Sp^,. □ 
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6.2. The quasi-category of algebra objects in Sp(G)fe. In this subsection we shall compare 
the quasi-category of algebra objects in Sp(G)fe with the underlying quasi-category of the simplicial 
model category of monoid objects in ESp(G)fc. Furthermore, we shall show that the quasi-category 
of algebra objects in Sp(G)fc is comonadic over the quasi-category of algebra objects in Sp^,. 

First, we recall a model structure on the category of monoid objects in ESp(G)fc. We denote by 
Alg(ESp(G)fc) the category of monoid objects in ESp(G)fe, and let F : Alg(ESp(G)fe) —>■ ESp(G)fc 
be the forgetful functor. By [35j Thm. 4.1(3)], Alg(ESp(G)fe) supports a model structure as follows. 
A map / : A —y in Alg(ESp(G)fc) is said to be 

• a weak equivalence if F{f) is a weak equivalence in ESp(G)fe, 

• a fibration if F{f) is a fibration in ESp(G)fc, and 

• a cohbration if it has the right lifting property with respect to all maps which are both 
fibrations and weak equivalences. 

By Proposition 13.61 Theorem 13.71 and Proposition 13.81 ESp(G)fe is a combinatorial symmetric 
monoidal simplicial model category which satisfies the monoid axiom. We see that Alg(ESp(G)fc) 
is a simplicial model category and the forgetful functor F : Alg(ESp(G)fc) —ESp(G)fe is a simplicial 
right Quillen functor by [28l 4.1.4]. 

We compare the quasi-category of algebra objects in Sp(G)fe with the underlying quasi-category 
of the simplicial model category Alg(ESp(G)fe). Let Alg(Sp(G)fc) be the quasi-category of algebra 
objects in Sp(G)fc. By [28l 1.3.4 and 4.1.4], there is an equivalence of quasi-categories 

iV(Alg(ESp(G)fc)°) ~ Alg(Sp(G)fc), 

where Alg(ESp(G)fe)° is the full simplicial subcategory of Alg(ESp(G)fc) consisting of objects that 
are both fibrant and cofibrant, and N{—) is the simplicial nerve functor. 

The forgetful functor U : ESp(G)fc —> ESp^, induces a functor U : Alg(ESp(G)fe) —>■ Alg(ESp;.). 
We construct a right adjoint to the functor U : Alg(ESp(G)/c) —^ Alg(ESp^.). For Y G Alg(ESp^), 
we have an object Map^(G,y) in ESp(G)fe. We consider a map 

Map^(G, Y) A Map„.(G, Y) —s- Mapj,(G, Y) 

in ESp(G)fc, which is the adjoint to the map 

C/(Map^(G, Y) A Map^(G, Y)) ^ G(Map^(G, Y)) A t/(Map^(G, Y)) y AY F, 

where ev(e) is the evaluation map at the identity element e G G and m is the multiplication map 
on Y. By this map, we can regard Mapj,(G, Y) as an object in Alg(ESp(G)fc). Hence we obtain a 
functor 

H: Alg(ESpfe) ^Alg(ESp(G)fe) 

given by V(Y) = Mapj,(G, F). We see that F is a right adjoint to the forgetful functor U. 


Proposition 6.8. The adjoint pair of functors 

U : Alg(ESp(G)fc) ^ Alg(ESpfc) : F 

is a simplicial Quillen adjunetion. 

Proof. Let F : Alg(ESp(G)fe) —> ESp(G)fc 
commutative diagram 

Alg(ESp,) 

F 

S^Spfc 


be the forgetful functor. 


Alg(ESp(G)fc) 


We consider the following 


ESp(G)fe. 
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By Proposition 13.101 V : SSpj, —SSp(G)fc is a right Quillen functor. This implies that V : 
Alg(I]Spfc) —;■ Alg(ESp(G)fc) is also a right Quillen functor. □ 

By Proposition [6^ we have an adjunction of quasi-categories 

t/fe : Alg(Sp(G)fc) ^ Alg(Spfc) : 

This induces a map of quasi-categories 

Alg(Sp(G)fc) —Comodr(Alg(Spfc)), 

where P is the comonad on Alg(Spj.) associated to the adjunction (Gfc, 14). The following theorem 
shows that Alg(Sp(G)fc) is comonadic over Alg(Spfc). 

Theorem 6.9. Let G be a profinite group that has finite virtual cohomological dimension. We 
assume that the localization functor Lk satisfies A ssumvtion 1 6. 5\ Then the forgetful functor Uk ■ 
Alg(Sp(G)fc) —> Alg(Sp^.) exhibits Alg(Sp(G)fe) as comonadic over Alg(Sp;.), that is, we have an 
equivalence of quasi-categories 

Alg(Sp(G)fc) ^ Comodr(Alg(Spfc)). 

Proof. We shall apply Lemma 16.41 for the commutative diagram 

Alg(Sp(G)fc) 

F 

Sp(G)fe 

The horizontal arrows are left adjoint functors and the vertical arrows are conservative. Since 
Alg(ESp(G)fc) is a combinatorial simplicial model category and Alg(Sp(G)fc) is its underlying quasi¬ 
category, Alg(Sp(G)fe) admits all small limits by [27l Cor. 4.2.4.8]. Since the forgetful functor F : 
Alg(Sp(G)fc) —>• Sp(G)fc is right adjoint, it preserves limits by [27l Prop. 5.2.3.5]. By Theorem l6.71 
Uk ■ Sp(G)fe —Sp^ exhibits Sp(G)fc as comonadic over Sp^.. Hence the theorem follows from 
Lemma 16.41 □ 

6.3. The quasi-category of module objects in Sp(G)fc. In this subsection we shall show that 
the quasi-category of module objects in Sp(G)fc is comonadic over the quasi-category of module 
objects in Sp^.. 

First, we compare the quasi-category of module objects in Sp(G)fc and the underlying quasi¬ 
category of the simplicial model category of module objects in ESp(G)fc. Let H be a monoid 
object in ESp(G)fe. We assume that B is cofibrant in ESp(G)fc. We denote hy UB the underlying 
monoid object in ESp^.. Note that UB is cofibrant in ESp^. by Proposition 13.101 By 1.3.4 
and 4.3.3], the underlying quasi-categories of Mod_B(ESp(G)fc) and Modc/_B(ESpfc) are equivalent 
to ModB(Sp(G)fc) and Modc/B(Spfc), respectively. 

We have the forgetful functor U : ModB(ESp(G)fc) —>■ Modc/_B(ESpfc). We shall construct a 
right adjoint to U. For M G Modc/_B(ESpj.), we regard Map„.(G,M) as an object in ESp(G)fe. We 
consider a map 

B A Mapj,(G, M) —> Map^(G, M) 
in ESp(G)fc, which is an adjoint to the map 

U{B A Map^(G, M)) ^UBA C/Map^(G, M) > UB AM M, 


Uk. 


Uk. 


Alg(Spfe) 
F 

Spfc- 
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where ev(e) is the evaluation map at the identity element e G G and a is the action map on M. 
This defines a i3-module structure on Mapj,(G, M) and we see that Mapj,(G, M) is an object in 
ModB(ESp(G)fe). Hence we obtain a functor 

V : Modc/B(ESp;.) —ModB(ESp(G)fe) 

given by V{M) = Map^(G, M). We see that H is a right adjoint to the forgetful functor U, and 
hence we have an adjunction 

U : ModB(ESp(G)fe) ^ Modc/B(ESpfc) : V. 

Lemma 6.10. The adjoint pair (U, V) is a 'ES'p-Quillen adjunction. 

Proof. This follows from Proposition 13.101 □ 

The ESp-Quillen adjunction (U, V) induces an adjunction of quasi-categories 

Uk : Mods(Sp(G)fc) ModuB{S-pk) ■ Vk. 

Let r be the comonad on Modc/_B(Sp^.) associate to the adjoint pair {Uk, 14), and let 

Comod([/B_r)(Spfc) = Comodr(Modc/B(Spj.)) 

be the quasi-category of comodules over T. The following theorem shows that ModB(Sp(G)fc) is 
comonadic over Modc/B(Spj,) under some conditions. 

Theorem 6.11. Let G be a profinite group that has finite virtual cohomological dimension. We 
assume that the localization functor Lk satisfies Assumvtion \6. 5\ Then the forgetful functor Uk ■ 
ModB(Sp(G)fc) Modc/B(Sp^) exhibits ModB(Sp(G)fc) as comonadic over Modc/B(Sp^.), that is, 
we have an equivalence of quasi-categories 

ModB(Sp(G)fc) ^ Comod(c/B.r)(Spfc). 


Proof. The theorem follows in the same way as the proof of Theorem 16.91 by applying Lemma 16.41 
for the commutative diagram 


ModB(Sp(G)fe) ^ 

ModusiSpk) 


Sp(G)fe ^ 

where the vertical arrows are forgetful functors. 

Spfe, 

□ 


6.4. Equivalence of the two formulations. In this subsection we shall show that Proposi¬ 
tion |42] and Proposition [52] are equivalent in some circumstances. 

First, we recall the relationship between functors of ESp-model categories and of the underlying 
quasi-categories. The homotopy category of the underlying quasi-category of a ESp-model category 
M is equivalent to the homotopy category of M as Ho(ESp)-enriched categories. Let 

F : M ^ N ; G 

be a ESp-Quillen adjunction between combinatorial ESp-model categories. The adjunction {F, G) 
induces an adjunction 

F-.M^N:Q 

of quasi-categories, where Ai and M are the underlying quasi-categories of M and N, respectively. 
The adjunction (F, Q) induces an adjunction 

Ho(F) : Ho(A4) ^ Ho(A/') : HoG 
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on the homotopy categories. The adjunction (Ho( J"), Ho(t/)) is identified with the derived adjunc¬ 
tion (LF, RG) under the equivalences Ho(M) cs Ho(Ovd) and Ho(N) ~ Ho(A/’). 

Since M is a ESp-model category, M is a stable model category by [5S1 Lem. 3.5.2], and hence 
Ho(M) is a triangulated category. Suppose that T is a triangulated subcategory of Ho(M). We 
have the corresponding full subcategory T of M.. The total left derived functor L(F) : Ho(M) —>■ 
Ho(N) restricted to T is fully faithful as an Ho(ESp)-enriched functor if and only if F : Af —>■ A/" 
restricted to T is fully faithful. 

Let A be a monoid object in ESp. We regard A as a monoid object in ESp(G) with trivial G 
action. Let ip : A ^ B he a. map of monoid objects in ESp(G). We assume that A is cofibrant in 
ESp and that UB is fibrant and cofibrant in ESp. We have the ESp-Quillen adjunction 

Ex : Mod. 4 (ESp^.) ^ ModB(ESp(G)fc) : Re, 

which induces the adjunction LEx : Ho(Mod^(ESpj.)) Ho(ModB(ESp(G)fc)) : MRe of the 
homotopy categories. The ESp-Quillen adjunction (Ex, Re) also induces the adjunction of quasi¬ 
categories 

£x : Modyi(Sp^) ModB(Sp(G)fc) : TZe. 

We can regard this adjunction as a lifting of the adjunction (LEx, RRe). 

On the other hand, we have the adjunction of quasi-categories 

Uk ■■ ModA(Spfc) 1=^ Mod[/B(Spfc) : 14 , 

which induces the adjunction of quasi-categories 

Coex : Mody 4 (Spj,) Comod(c/B, 0 )(Spfe) : P. 

In this subsection, under some conditions, we shall show that Comod(j/B_e)(Spfc) is equivalent to 
Mod_B(Sp(G)fc) and the functor £x is equivalent to Coex under this equivalence. This implies that 
the right adjoint TZe is equivalent to P, and the full subcategory T of ModA(Spfe) corresponds to the 
thick subcategory T of Ho(ModA(ESp^)), where T is the full subcategory of Modyi(Sp;.) consisting 
of objects X such that the unit map X PCoex(A) is an equivalence and the thick subcategory 
T of Ho(ModA(ESpj,)) consists of objects Y such that the unit map Y —RReLEx(F) is an 
isomorphism in the homotopy category. This means that the formulation of embeddings of module 
categories in terms of model categories in Proposition |42] and that in terms of quasi-categories in 
ProDOsition l5.2l are equivalent. 

We begin with constructing a map which compares the two-sided bar construction with the 
functor Mapc(G, —). For M € Modf/_B(ESp), we denote by 

B{UB,A,M) = \B,{UB,A,M)\ 

the geometric realization of the bar construction B,{UB, A, M). We define a map 

Tm : B{UB,A,M) — 5 - C/Map4G,M) 

by applying U to the map B{B, A, M) —>• Map,,(G,M) in ESp(G) that is adjoint to the map 
UB{B, A, M) = B{UB, A, M) —>■ M induced by the action of C/P on M. In particular, we have a 
map 

'I'UB ■ B{UB,A,UB) —^ PMap^(G,PP). 

We set 4 = Uip : A ^ UB. Recall that there is a Quillen adjunction 
UB Aa (-) : ModA(ESpfe) Modc/B(ESpi,) : ip*, 

which induces an adjunction 

UB (-) : Ho(ModA(ESpfc)) ^ Ho(Mod, 7 B(ESpfe)) : Rip* 
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between the homotopy categories, where UB (—) is the total left derived functor of UB Aa 
(—) and ISjp* is the total right derived functor of '0*. The following lemma shows that the bar 
construction B{UB, A, —) is a model of the composition UB (IR'!/)*(—)) of the functors. 

Lemma 6.12. If M is a fibrant and cofibrant object in Modf/_B(SSp^.), then B(UB, A, M) repre¬ 
sents UB a’J^ in Ho(Modc/_B(LSp^.)). 

Proof. Since M is fibrant in Mod( 7 B(ESpj,), M represents in Ho(ModA(SSp;.)). If QaAI -a 

M is a cofibrant replacement in Mod^(ESpfc), then UBa\ (Ri/!*M) is represented by t/BA^Q^.^- 
By [m Lem. 4.1.9], we have an equivalence B{UB, A, QaM) ^ UB Aa QaM. 

We shall show that there is an equivalence B{UB,A,QaM) ^ B{UB,A,M). For any r > 0, 
UB A A^'^ is cofibrant in ESp. This implies an equivalence UB A A^'^ A QaM ^ UB A A^'^ A M 
by PU Lem. 5.4.4]. Hence we obtain an equivalence \B,{UB,A,QaM) \ ^ \B,{UB,A,M) \ by [371 
Cor. 4.1.6]. □ 

The following lemma shows that it suffices to show that '^ub is a fc-local equivalence in order 
to ensure that is a fc-local equivalence. 

Lemma 6.13. Let M be a cofibrant and fibrant object in Modc/B(ESpj,). If '^ub is a k-local 
equivalence, then ^m is also a k-local equivalence. 

Proof. We have an isomorphism between B{UB, A, M) and B{UB, A, UB) Ajjb M, and an equiv¬ 
alence between [/Map^(G, M) and C/Map^(G, UB) Aub M. Since M is cohbrant in Mod[/B(ESp), 
the fc-local equivalence '^ub induces a fc-local equivalence 

B{UB, A, UB) Aub M ^ C/Map^(G, UB) Aub M 

by [Ml Lem. 5.4.4]. This completes the proof. □ 

There is an adjunction of quasi-categories 

UB Aa (-) : ModA(Spfe) Modc/B(Spfc) : ip*, 

and hence we obtain a comonad 0 on Modc/B(Sp^) and a quasi-category of comodules 

Comod(; 7 B,e)(Spfe) = Comode (Modc/B(Spfc)). 

To ease notation, we set 

C = Modc/B(Spfc)°P, 

C(G) = Mods(Sp(G)fc)°P, 

V = ModA(Spfe)°P. 

We have an adjunction of quasi-categories V : C ^ C{G) : U. By [281 4.7.4], there is an en¬ 
domorphism monad of U, and hence we have a monad T G Alg(End(C)) and a left T-module 
U G Modr(Fun(C(G), C)). Note that T is a lifting of UV and U is a lifting of U. 

We set 

H = UB Aa{-) :B^C, 

H' = B Aa{-).V^C{G), 

F = iP* -.C^V. 

Note that H = UH' is the right adjoint to F. Hence there is an endomorphism monad of H, which 
consists of a monad 0 G Alg(End(G)) together with H G Mode(Eun(X>,C)) that is a lifting of H. 
We note that the functor H = UH' lifts to a left T-module UH' G Modr(Eun(Il,C)). 
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We would like to show that the monad F together with the left F-module object UH' is an 
endomorphism monad of H. For this purpose, we consider the composite map 

Y THF HF, 

where u is the unit of the adjoint pair (F, FI) and a is the action of F on iJ. For any M G 
Mod( 7 B(Spfc), this map induces a natural map 

FMap^(G, M) i — FMap^(G, UB ^A M) <— UB AaM 

in Mod£/B(Spfc). 

Lemma 6.14. If '^ub is a k-local equivalence, then the composite map F -A THF ^ HF is an 
equivalence of functors. 

Proof. It suffices to show that the induced map UB Aa M —C/Map(,(G, M) is an equivalence for 
any M in Mod; 7 B(Spj.). This follows from Lemmas 16.121 and 16.131 □ 

If '^UB is /c-local equivalence, by Lemma 16.141 and [28l 4.7.4], we see that the monad F G 
Alg(End(C)) together with the object UH' G Modr(Fun(T>, C)) is an endomorphism monad of H. 
Hence we obtain an equivalence of quasi-categories 

Mod 0 (Fun(T>,C)) ^ Modr(Fun(T>, C)) 

compatible with the forgetful functors to Fun(X>,C), and the object H G Mod 0 (Fun( 2 ?, C)) corre¬ 
sponds to the object UH' G Modr(Fun(T>, C)) under this equivalence. Since the pair iT,UH') is 
an endomorphism monad of H, in particular, there is an equivalence F ^ 0 in Alg(End(C)). This 
equivalence of algebra objects induces an equivalence 

Mod 0 (£:) ^Modr(£’) 

for any quasi-category left-tensored over End(C). Taking C as £, we obtain the following theorem. 

Theorem 6.15. If'^uB is k-local equivalence, then there is an equivalence of quasi-categories 

Comod(£/B,r)(Spfc) Comod(c/B_ 0 )(Spfc). 

By Theorems 16.Ill and 16.151 we obtain the following corollaries. 

Corollary 6.16. Let G be a profinite group that has finite virtual cohomological dimension. We 
assume that the localization functor Lk satisfies Assumvtion 1 6 . 51 If'^uB is a k-local equivalence, 
then there is an equivalence of quasi-categories 

ModB(Sp(G)fe) ~ Comod(£/s, 0 )(Spfc). 

Now we would like to show that the two formulations of embeddings of module objects in terms 
of model categories and in terms of quasi-categories are equivalent under some conditions. 

First, we shall compare the map V -A Mod 0 (C) given by iF G Mod 0 (Fun(I?, C)) with the map 
C(G) —>■ Modr(C) given by 17 G Modr(Fun(C(G),C)). The evaluation functor £ x Fun(f,C) —C is 
a map of quasi-categories left-tensored over End(C) for any quasi-category £. This induces a map 

£ X ModT(Fun(f,C)) ~ ModT(£ x Fun(£l,C)) —> ModT(C) 

for any monad T G Alg(End(C)). By adjunction, we obtain a map 

d{£,T) : ModT(Fun(f,C)) —!■ Fun(f,ModT(C)), 

which is an equivalence for any quasi-category £. 
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We assume that 't'c/s is a fc-local equivalence. In particular, we have an equivalence F —>■ 0 in 
Alg(End(C)). By the naturality of the construction, we obtain a commutative diagram 


( 6 . 2 ) 


Mode(Fun(F',C)) > Fun(F>, Mode(C)) 


Modr(Fun(I?,C)) 


d(v,r) 


> Fun(X>, Modr(C)), 


where all the arrows are equivalences. We denote hy H £ Fun(I?, Mode(C)) the image oi H £ 
Mode(Fun(I>,C)) under the map d{'D,Q) and hy U £ Fun(C(G),Modr(C)) the image oi U £ 
Modr(Fun(C(G), C)) under the map d{C{G), F). Since H corresponds to UH' under the equivalence 
Mode(Fun(X>,C)) Modr(Fun(X>,C)), we see that H corresponds to UH' under the equivalence 
Fun(I?, Mode(C)) ^ Fun(2?, Modr(C)) using the commutative diagram (16.21) . 

The functor Ex = BAa (—) : ModA(FSpfc) —)• Mod_B(ESp(G)fc) of ESp-model categories induces 
a functor 

£x : ModA(Spfc) ^ ModB(Sp(G)fe) 

of quasi-categories. We can identify the functor £x°^ : Mod^(Sp^)°P —)■ Mod_B(Sp(G)fe)°P induced 
on the opposite quasi-categories with H' : T> ^ C{G). Recall that we have the functor 


Coex : ModA(Spfc) Comod(; 7 B,e)(Spfc) 

of quasi-categories. We can identify the functor Coex°P : ModA(Spfc)°P —>■ Comod(( 7 B^ 0 )(Sp;.)°P 
induced on the opposite quasi-categories with H : V ^ Mode(C). Furthermore, we recall that we 
have the map ModB(Sp(G)fc) —>■ Comod([/B_r)(Spfc), which is an equivalence under the assumptions 
of Theorem 16.111 We can identify the opposite of this map with U : C(G) —Modr(C). Since H 
corresponds to UH' under the equivalence Fun(X>,Mode(C)) Fun(X>,Modr(C)), we obtain the 
following corollary. 


Corollary 6.17. Let G be a pro finite group that has finite virtual eohomologieal dimension. We 
assume that the loealization funetor Lk satisfies Assumvtion 1 6 . 51 If ^ub is a k-local equivalence, 
then there is an equivalence of functors 

£x ~ Coex 


under the equivalence ModB(Sp(G)fc) ~ Comod(( 7 B,e)(Sp^.). 

This corollary shows that the formulation of embeddings of module categories in terms of model 
categories in Proposition l4.5l and that in terms of quasi-categories in Proposition l5.2l are equivalent. 


7. Embeddings over profinite Galois extensions 

We assume that G is a profinite group which has finite virtual eohomologieal dimension. Fur¬ 
thermore, we assume that the localization functor Lk satisfies Assumption 16.5| In this section we 
show that the two formulations of embeddings of module categories are equivalent if : A —>■ R is 
a fc-local G-Galois extension. 

First, we show that a fc-local G-Galois extension gives an embedding of module categories. Let 
(/? : A —> i? be a fc-local G-Galois extension. We have a symmetric monoidal ESp-Quillen adjunction 

Ex : ModA(FSpfc) Mod_B(i;Sp(G)fc) : Re 

by Lemma |4.41 which induces an adjunction of symmetric monoidal Ho(ESp)-algebras 
LEx : Ho(Modyi(ESp^)) ^ Ho(Mod_B(SSp(G)fc)) : KRe. 
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Let T be the full subcategory of Ho(ModA(SSpfc) consisting of X such that the unit map X 
KReLEx(Jf) is an isomorphism 

T = {X € Ho(ModA(SSpfc))| X A ]RReLEx(X)}. 

Proposition 7.1. If ip : A ^ B is a k-local G-Galois extension, then the restriction of the functor 

LEx : Ho(ModA(SSp;i.)) —Ho(ModB(ESp(G)fe)) 

to the full subcategory T is fully faithful as an AofSSp)-enriched functor. Furthermore, if ip is a 
consistent k-local G-Galois extension, then the full subcategory T contains all dualizable objects. 

Proof. The first part follows from Propositions 14.51 If R is a consistent fc-local G-Galois extension 
of A, then A —>• is an equivalence by [H Prop. 6 .1.7(3) and 6.3.1]. Hence the second part 

follows from Proposition 14.61 □ 

In the following of this section we shall show that the underlying quasi-category of the model 
category ModB(SSp(G)fc) is equivalent to Comod(( 7 B, 0 )(Sp/;). Now we recall the construction of 
the map 

: B{UB,A,M) C/Map^(G,M) 

for M S Mod( 7 B(ESp). The map m is obtained by applying U to the map B{B,A,M) — 
Map(,(G, M) in ESp(G) that is adjoint to the map UB{B,A,M) = B{UB,A,M) M induced 
by the action ot UB on M. 

Lemma 7.2. If ip : A ^ B is a k-local G-Galois extension, then the map Tm : B{UB, A, M) —^ 
17Mapg(G, M) is a k-local eguivalence for any cofibrant and fibrant object M in Mod( 7 B(SSpj.). 

Proof. By the definition of fc-local G-Galois extensions [H Def. 6.2.1], we have a fundamental 
neighborhood system {!/„} of the identity element of G consisting of open normal subgroups and 
a directed system of finite /c-local Ga-Galois extensions Ba of A, where Ga = G/Ua. By the 
definition of finite Galois extensions [H Def. 1.0.1], we have a /c-local equivalence 

Ba Aa Ba ^ Map(Ga, Ba). 

Purthermore, we have an isomorphism B{Ba, A, Ba) = B{Ba, A, A) Aa Ba and an equivalence 
B{Ba, A, A) A- Ba- Since A —>■ Ba is a cofibration in the category of commutative symmetric 
ring spectra, we obtain an equivalence B{Ba, A, Ba) A- Ba Aa Ba by [3TJ Prop. 15.12]. Hence we 
obtain a /c-local equivalence 

B{Ba,A, Ba) ^ Map(Ga, Ba). 

Let Ta : QaM —M be a cofibrant replacement in Mods^ (ESp,i.) such that ra is a trivial 
fibration. We obtain a /c-local equivalence 

B(Ba, A QaM) ^ Map(Ga, QaM) 

as in Lemma 16.131 Since A and Ba are cofibrant commutative symmetric ring spectra, we see 
that ra induces a /c-local equivalence between B{Ba, A,QaM) and B{Ba,A,M) by using 
Prop. 15.12]. Since Va is a trivial fibration, M.a.p{Ga,QaM) —>■ Map(Ga,M) is also a trivial 
fibration. Hence 

B{Ba,A, M) —^ Map(Ga, M) 


is a /c-local equivalence. Since is the colimit of the above maps over the directed system, the 
lemma follows from Proposition 13.Ill □ 
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Theorem 7.3. If ip : A ^ B is a k-local G-Galois extension, then there is an equivalenee of 
quasi-categories 

ModB(Sp(G)fc) ~ Comod((7B,e)(Spfc). 

Under this equivalence, there is an equivalenee of functors 

£x ~ Coex. 

Proof. By Theorem 16.Ill we have an equivalence between ModB(Sp(G)fe) and Comod([/B j) (Sp^.). 
We can show that Comod(c/B_r)(Spfc) is equivalent to Comod([/B,e)(Sp^,) as in Theorem 16.151 by 
using Lemma 17.21 This completes the proof. □ 

Theorem [7i3] shows that the two formulations of embeddings of module categories are equivalent 
if (/? : a 1 —> i? is a fc-local G-Galois extension. 
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